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Abstract 

In the last decade it became clear that methods and techniques based on 
supersymmetry provide deep insights in quantum chromodynamics and other 
supersymmetric and non-supersymmetric gauge theories at strong coupling. 
In this review we summarize major advances in the critical (Bogomol'nyi- 
Prasad-Sommerfield-saturated, BPS for short) solitons in supersymmetric 
theories and their implications for understanding basic dynamical regularities 
of non-supersymmetric theories. After a brief introduction in the theory of 
critical solitons (including a historical introduction) we focus on three topics: 
(i) non-Abelian strings m M = 2 and confined monopoles; (ii) reducing the 
level of supersymmetry; and (iii) domain walls as D brane prototypes. 
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1 Introduction 



It is well known that supersymmetric theories may have BPS sectors in which 
some data can be computed at strong coupling even when the full theory is 
not solvable. Historically, this is how the first exact results on particle spectra 
were obtained [1]. Scibcrg-Wittcn's breakthrough results [2, 3] in the mid- 
1990's gave an additional motivation to the studies of the BPS sectors. 

BPS solitons can emerge in those supersymmetric theories in which su- 
peralgebras are centrally extended. In many instances the corresponding 
central charges are seen at the classical level. In some interesting models 
central charges appear as quantum anomalies. 

First studies of BPS solitons (sometimes referred to as critical solitons) 
in supersymmetric theories at weak coupling date back to 1970s. De Vega 
and Schaposnik were the first to point out [4] that a model in which classi- 
cal equations of motion can be reduced to first-order Bogomol'nyi-Prasad- 
Sommerfield (BPS) equations [5, 6] is, in fact, a bosonic reduction of a super- 
symmetric theory. Already in 1977 critical soliton solutions were obtained 
in the superfield form in some two-dimensional models [7]. In the same year 
miraculous cancellations occurring in calculations of quantum corrections to 
soliton masses were noted in [8] (see also [9]). It was observed that for BPS 
solitons the boson and fcrmion modes are degenerate and their number is 
balanced. It was believed (incorrectly, we hasten to add) that the soliton 
masses receive no quantum corrections. The modern — correct — version 
of this statement is as follows: if a sohton is BPS-saturated at the classical 
level and belongs to a shortened supermultiplet, it stays BPS-saturated after 
quantum corrections, and its mass exactly coincides with the central charge 
it saturates. The latter may or may not be renormalized. Often — but 
not always — central charges that do not vanish at the classical level and 
have quantum anomalies are renormalized. Those that emerge as anomalies 
and have no classical part typically receive no renormalizations. In many 
instances holomorphy protects central charges against renormalizations. 

Critical solitons play a special role in gauge field theories. Numerous 
parallels between such solitonic objects and basic elements of string theory 
were revealed in the recent years. At first, the relation between string theory 
and supersymmetric gauge theories was mostly a "one-way street" — from 
strings to field theory. Now it is becoming exceedingly more evident that 
field-theoretic methods and results, in their turn, provide insights in string 
theory. 
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String theory which emerged from dual hadronic models in the late 1960's 
and 70's, elevated to the "theory of everything" in the 1980's and 90's when 
it experienced an unprecedented expansion, has seemingly entered a "return- 
to-roots" stage. The task of finding solutions to "down-to-earth" problems of 
QCD and other gauge theories by using results and techniques of string/D- 
brane theory is currently recognized by many as one of the most important 
and exciting goals of the community. In this area the internal logic of devel- 
opment of string theory is fertilized by insights and hints obtained from field 
theory. In fact, this is a very healthy process of cross- fertilization. 

If supersymmetric gauge theories are, in a sense, dual to string/D-brane 
theory — as is generally believed to be the case — they must support domain 
walls (of the D-brane type) [10], and we know, they do [11, 12]. A D brane is 
defined as a hypersurface on which a string may end. In field theory both the 
brane and the string arise as BPS solitons, the brane as a domain wall and 
the string as a flux tube. If their properties reflect those inherent to string 
theory, at least to an extent, the flux tube must end on the wall. Moreover, 
the wall must house gauge fields living on its worldvolume, under which the 
end of the string is charged. 

The purpose of this review is to summarize developments in critical soli- 
tons in two, three and four dimensions, with emphasis on four dimensions and 
on most recent results. A large variety of BPS-saturated sohtons exist in four- 
dimensional field theories: domain walls, flux tubes (strings), monopoles and 
dyons, and various junctions of the above objects. A list of recent discoveries 
includes localization of gauge fields on domain walls, non-Abelian strings that 
can end on domain walls, developed boojums, confined monopoles attached 
to strings, and other remarkable findings. The BPS nature of these objects 
allows one to obtain a number of exact results. In many instances nontrivial 
dynamics of the bulk theories we will consider lead to effective low-energy 
theories in the world volumes of domain walls and strings (they are related 
to zero modes) exhibiting novel dynamical features that are interesting by 
themselves. 

We do not try to review the vast literature accumulated since the mid- 
1990 's in its entirety. A comparison with a huge country the exploration of 
which is not yet completed is in order here. Instead, we suggest what may 
be called "travel diaries" of the participants of the exploratory expedition. 
Recent pubhcations [13, 14, 15, 16, 17] facilitate our task since they present 
the current developments in this field from a complementary point of view. 

The "diaries" are organized in two parts. The first part (entitled "Short 
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Excursion" ) is a bird's eye view of the territory. It gives a brief and largely 
nontechnical introduction to basic ideas lying behind supersymmetric soli- 
tons and particular applications. It is designed in such a way as to present 
a general perspective that would be understandable to anyone with an ele- 
mentary knowledge in classical and quantum fields, and supersymmetry. 

Here we present some historic remarks, catalog relevant centrally ex- 
tended superalgebras and review basic building blocks we consistently deal 
with - domain walls, flux tubes, and monopoles - in their classic form. 
The word "classic" is used here not in the meaning "before quantization" 
but, rather, in the meaning "recognized and cherished in the community for 
years." 

The second part (entitled "Long Journey" ) is built on other principles. It 
is intended for those who would like to delve in this subject thoroughly, with 
its specific methods and technical devices. We put special emphasis on recent 
developments having direct relevance to QCD and gauge theories at large, 
such as non-Abelian flux tubes (strings) , non- Abelian monopoles conflned on 
these strings, gauge fleld localization on domain walls, etc. We start from 
presenting our benchmark model, which has extended M = 2 supersymmetry. 
Here we go well beyond conceptual foundations, investing efforts in detailed 
discussions of particular problems and aspects of our choosing. Naturally, 
we choose those problems and aspects which are instrumental in the novel 
phenomena mentioned above. In addition to walls, strings and monopoles, 
we also dwell on the string-wall junctions which play a special role in the 
context of dualization. 

Our subsequent logic is from J\f — 2 to Af — 1 and further on. Indeed, 
in certain instances we are able do descend to non-supersymmetric gauge 
theories which are very close relatives of QCD. In particular, we present a 
fully controllable weakly coupled model of the Meissner effect which exhibits 
quite nontrivial (strongly coupled) dynamics on the string world sheet. One 
can draw direct parallels between this consideration and the issue of A;-strings 
in QCD. 
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PART I: Short Excursion 
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2 Central charges in superalgebras 



In this Section we will briefly review general issues related to central charges 
(CC) in superalgebras. 

2.1 History 

The flrst superalgebra in four-dimensional fleld theory was derived by Gol- 
fand and Likhtman [18] in the form 

{QaQp} = (a'^),^ , {QaQp} = {QaQ^} = , (2.1.1) 

i.e. with no central charges. Possible occurrence of CC (elements of su- 
peralgebra commuting with all other operators) was first mentioned in an 
unpublished paper of Lopuszanski and Sohnius [19] where the last two anti- 
commutators were modified as 

{QiQ^,} - zi^, . (2.1.2) 

The superscripts /, G mark extended supersymmetry. A more complete de- 
scription of superalgebras with CC in quantum field theory was worked out in 
[21]. The only central charges analyzed in this paper were Lorentz scalars (in 
four dimensions), Za/3 ~ Sq/j. Thus, by construction, they could be relevant 
only to extended supersymmetries. 

A few years later, Witten and Olive [1] showed that in supersymmetric 
theories with solitons, central extension of superalgebras is typical; topolog- 
ical quantum numbers play the role of central charges. 

It was generally understood that superalgebras with (Lorentz-scalar) cen- 
tral charges can be obtained from superalgebras without central charges in 
higher- dimensional space-time by interpreting some of the extra components 
of the momentum as CC's (see e.g. [20]). When one compactifies extra di- 
mensions one obtains an extended supersymmetry; the extra components of 
the momentum act as scalar central charges. 

Algebraic analysis extending that of [21] carried out in the early 1980s 
(see e.g. [22]) indicated that the super-Poincare algebra admits CC's of a 
more general form, but the dynamical role of additional tensorial charges was 
not recognized until much later. Now it is common knowledge that central 
charges that originate from operators other than the energy-momentum op- 
erator in higher dimensions can play a crucial role. These tensorial central 
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Tabic 1: The minimal number of supercharges, the complex dimension of the 
spinorial representation and the number of additional conditions (i.e. the Majorana 
and/or Weyl conditions). 



charges take non-vanishing values on extended objects such as strings and 
membranes. 

Central charges that arc antisymmetric tensors in various dimensions 
were introduced (in the supergravity context, in the presence of p-branes) 
in Ref. [23] (see also [24, 25]). These CC's are relevant to extended objects 
of the domain wall type (membranes) . Their occurrence in four-dimensional 
super- Yang-Mills theory (as a quantum anomaly) was first observed in [11]. 
A general theory of central extensions of superalgebras in three and four di- 
mensions was discussed in Ref. [26]. It is worth noting that those central 
charges that have the Lorentz structure of Lorentz vectors were not consid- 
ered in [26]. The gap was closed in [27]. 



2.2 Minimal supersymmetry 

The minimal number of supercharges uq in various dimensions is given in 
Table 1. Two-dimensional theories with a single supercharge, although alge- 
braically possible, are quite exotic. In "conventional" models in D = 2 with 
local interactions the minimal number of supercharges is two. 

The minimal number of supercharges in Table 1 is given for a real rep- 
resentation. Then, it is clear that, generally speaking, the maximal possible 
number of CC's is determined by the dimension of the symmetric matrix 
{QiQj} of the size uq x i/q, namely, 

(2.2.1, 

In fact, D anticommutators have the Lorentz structure of the energy-momen- 
tum operator P^. Therefore, up to D central charges could be absorbed in 
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Pfj,, generally speaking. In particular situations this number can be smaller, 
since although algebraically the corresponding CC's have the same structure 
as Pfj_, they are dynamically distinguishable. The point is that is uniquely 
defined through the conserved and symmetric energy-momentum tensor of 
the theory. 

Additional dynamical and symmetry constraints can further diminish the 
number of independent central charges, see e.g. Sect. 2.2.1. 

The total set of CC's can be arranged by classifying CC's with respect to 
their Lorentz structure. Below we will present this classification for D = 2,3 
and 4, with special emphasis on the four-dimensional case. In Sect. 2.3 we 
will deal with M — 2 superalgebras. 

2.2.1 D^2 

Consider two-dimensional theories with two supercharges. Prom the dis- 
cussion above, on purely algebraic grounds, three CC's are possible: one 
Lorentz-scalar and a two-component vector, 

{Qa, = 2(7'^7°)«;3(P^ + Z^) + i(7'7o)a/3^ ■ (2.2.2) 

We refer to Appendix A for our conventions regarding gamma matrices. ^ 
would require existence of a vector order parameter taking distinct values 
in different vacua. Indeed, if this central charge existed, its current would 
have the form 

C'^ = £,,aM^ z^ = j Co'dz, 

where is the above-mentioned order parameter. However, (A^) ^ will 
break Lorentz invariance and supersymmetry of the vacuum state. This 
option will not be considered. Limiting ourselves to supersymmetric vacua 
we conclude that a single (real) Lorentz-scalar central charge Z is possible 
in jV = 1 theories. This central charge is saturated by kinks. 

2.2.2 D = 3 

The central charge allowed in this case is a Lorentz- vector Z^, i.e. 

{Qa, Q^} = 2(7V)a/3(PM + Z,). (2.2.3) 

One should arrange Z^ to be orthogonal to P^. In fact, this is the scalar 
central charge of Sect. 2.2.1 elevated by one dimension. Its topological current 
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can be written as 

C^u = £^.p , Z^ = J (fx C^o . (2.2.4) 

By an appropriate choice of the reference frame can always be reduced to 
a real number times (0, 0, 1). This central charge is associated with a domain 
line oriented along the second axis. 

Although from the general relation (2.2.3) it is pretty clear why BPS 
vortices cannot appear in theories with two supercharges, it is instructive to 
discuss this question from a slightly different standpoint. Vortices in three- 
dimensional theories are localized objects, particles (BPS vortices in 2+1 
dimensions were previously considered in [28]; see also references therein). 
The number of broken translational generators is rf, where d is soliton's co- 
dimension, d = 2 in the case at hand. Then at least d supercharges are 
broken. Since we have only two supercharges in the problem at hand, both 
must be broken. This simple argument tells us that for a 1/2-BPS vortex the 
minimal matching between bosonic and fermionic zero modes in the (super) 
translational sector is one-to-one. 

Consider now a putative BPS vortex in a theory with minimal M = 1 su- 
persymmetry (SUSY) in 2+lD. Such a configuration would require a world 
volume description with two bosonic zero modes, but only one fermionic 
mode. This is not permitted by the argument above, and indeed no configu- 
rations of this type are known. Vortices always exhibit at least two fermionic 
zero modes and can be BPS-saturated only in A/" = 2 theories. 

2.2.3 D = A 

Maximally one can have 10 CC's which are decomposed into Lorentz repre- 
sentations as (0,1) + (1,0) + (1/2, 1/2): 

{Qa,Od} = 2(7'^)„^(P^ + Z^), (2.2.5) 
{Qa.Qp} = (S'^'^)„^Z[^,], (2.2.6) 
{g^,Q^} = (S^^)^^^.], (2.2.7) 

where (Ti^^)afj = {(y^)aa{^'')'f) is a chiral version of (see e.g. [29]). The 
antisymmetric tensors and are associated with domain walls, and 
reduce to a complex number and a spatial vector orthogonal to the domain 
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wall. The (1/2, 1/2) CC is a Lorentz vector orthogonal to P^. It is 
associated with strings (flux tubes), and reduces to one real number and a 
three-dimensional unit spatial vector parallel to the string. 

2.3 Extended SUSY 

In four dimensions one can extend superalgebra up to A/" = 4, which corre- 
sponds to sixteen supercharges. Reducing this to lower dimensions we get 
a rich variety of extended super algebras in D = 3 and 2. In fact, in two 
dimensions the Lorentz invariance provides a much weaker constraint than 
in higher dimensions, and one can consider a wider set of (p, q) superalgebras 
comprising "p^q = 4, 8, or 16 supercharges. We will not pursue a general solu- 
tion; instead, we will limit our task to (i) analysis of central charges mj\f = 2 
in four dimensions; (ii) reduction of the minimal SUSY algebra in D = 4 to 
D — 2 and 3, namely the M — 2 SUSY algebra in those dimensions. Thus, 
in two dimensions we will consider only the non chiral M = (2, 2) case. As 
should be clear from the discussion above, in the dimensional reduction the 
maximal number of CC's stays intact. What changes is the decomposition 
in Lorentz and i?-symmetry irreducible representations. 

2.3.1 A^ = 2inD = 2 

Let us focus on the non chiral M — (2, 2) case corresponding to dimensional 
reduction of the M — 1, D — A algebra. The tensorial decomposition is as 
follows: 

{Ql Qi) = '^{ri'U [{P, + Z,)5'' + Zf)] + 2i (7S°)./3 

+ 2iZpZ^"\ I, J = 1,2. (2.3.1) 

Here Z^^"^^ is antisymmetric in J, J; Z^^'^^ is symmetric while Z^^'^^ is sym- 
metric and traceless. Wc can discard all vectorial central charges Zj/ for the 
same reasons as in Sect. 2.2.1. Then we are left with two Lorentz singlets 
^(^•^)^ which represent the reduction of the domain wall charges in D = 4 
and two Lorentz singlets TtZ^^^^ and Z'^-^, arising from P2 and the vortex 
charge in D = 3 (see Sect. 2.3.2). These central charges are saturated by 
kinks. 

Summarizing, the (2, 2) superalgebra in D = 2 is 

{Ql Qi) = '^{Yl'U + 2^ {I'l'U Z^''^ + 2^ 1%Z^''^ ■ (2.3.2) 
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It is instructive to rewrite Eq. (2.3.2) in terms of complex supercharges 
and corresponding to four-dimensional Qa, Qai see Sect. 2.2.3. Then 



{o«,eH(7°)«-, 



"7 (2.3.3) 

[Qa.Qp] (7°)/37 = -2^' (75)a7 , {QL il') Pi = 2^'^ (75)0.7 • 

The algebra contains two complex central charges, Z and Z'. In terms of 
components Qa — {Qr, Ql) the non vanishing anticommutators are 

{Qi, Q\} = 2{H + P) , {Qr, = ^{H - P) , 

{Ql, Q\} = 2iZ , {Qr, Q[} = -liZ^ , (2.3.4) 

{Ql, Qr} - 2zZ' , {Q\, Q\} = -2iZ'^ . 

It exhibits the automorphism Qr <-> Q^, Z Z' associated [30] with the 
transition to a mirror representation [31]. The complex central charges Z 
and Z' can be readily expressed in terms of real Z^^-^^ and Z'^^-^, 

r. ^[121 ^ / nil r22U / Z{12}^^{21} ^{11}_^{22} 

(2.3.5) 

Typically, in a given model either Z or Z' vanish. A practically important 
example to which we will repeatedly turn below (e.g. Sect. 4.5.3) is provided 
by the so-called twisted-mass-deformed CP(A^ — 1) model [32]. The central 
charge Z emerges in this model at the classical level. At the quantum level 
it acquires additional anomalous terms [33, 34]. Both Z 7^ and 7^ 
simultaneously in a contrived model [33] in which the Lorentz symmetry and 
a part of supersymmetry are spontaneously broken. 



2.3.2 j\^=2inD = 3 

The superalgebra can be decomposed into Lorentz and i?-symmetry tensorial 
structures as follows: 

{Ql Q'p} = 2(7V)a/3[(P. + Z,)6'' + Zi^^)] + 2z7°^Z[^-^l, (2.3.6) 

where all central charges above are real. The maximal set of 10 CC's enter 
as a triplet of space-time vectors Zf/ and a singlet Z^^'^h The singlet CC is 



14 



associated with vortices (or lumps), and corresponds to the reduction of the 
(1/2,1/2) charge or the 4*^^ component of the momentum vector in D = 4. 
The triplet is decomposed into an i?-symmetry singlet Z^, algebraically 
indistinguishable from the momentum, and a traceless symmetric combina- 
tion zji'^^ The former is equivalent to the vectorial charge in the J\f — 1 
algebra, while Z^"^^ can be reduced to a complex number and vectors speci- 
fying the orientation. We see that these are the direct reduction of the (0,1) 
and (1,0) wall charges in D = 4. They are saturated by domain lines. 

2.3.3 On extended supersymmetry (eight supercharges) in D = 4 

Complete algebraic analysis of all tensorial central charges in this problem 
is analogous to the previous cases and is rather straightforward. With eight 
supercharges the maximal number of CC's is 36. Dynamical aspect is less 
developed - only a modest fraction of the above 36 CC's are known to be non- 
trivially realized in models studied in the literature. We will limit ourselves 
to a few remarks regarding the well-established CC's. We will use a complex 
(holomorphic) representation of the supercharges. Then the supercharges are 
labeled as follows 

g^, QaG: a,d-l,2, F,G' = 1,2. (2.3.7) 

On general grounds one can write 

{Qa, Qao} — 25^ P^Q, + 2(Z^)a^ , 

{g:,g«} = 2 47/ + 2£„^£^«z, 

{QaF^Q^c} = 2 (^{FG}){^^} + 2£^^£fg^- (2.3.8) 

Here {Zq)o.6. are four vectorial central charges (1/2, 1/2), (16 components 
altogether) while z'^ap} complex conjugate are (1,0) and (0,1) central 

charges. Since the matrix Z^ap} symmetric with respect to F, G, there are 
three flavor components, while the total number of components residing in 
(1,0) and (0,1) central charges is 18. Finally, there are two scalar central 
charges, Z and Z. 

Dynamically the above central charges can be described as follows. The 

scalar CC's Z and Z are saturated by monopoles/dyons. One vectorial cen- 
tral charge (with the additional condition P'^Z^ — 0) is saturated [35] 
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by Abrikosov-Nielsen-Olesen string (ANO for short) [36]. A (1,0) central 
charge with F = G is saturated by domain walls [37]. 

Let us briefly discuss the Lorentz-scalar central charges in Eq. (2.3.8) 
that are saturated by monopoles/dyons. They will be referred to as monopole 
central charges. A rather dramatic story is associated with them. Historically 
they were the flrst to be introduced within the framework of an extended 4D 
superalgebra [19, 21]. On the dynamical side, they appeared as the flrst 
example of the "topological charge ^ central charge" relation revealed by 
Witten and Olive in their pioneering paper [1]. Twenty years later, the J\f = 2 
model where these central charges flrst appeared, was solved by Seiberg and 
Witten [2, 3], and the exact masses of the BPS-saturated monopoles/dyons 
found. No direct comparison with the operator expression for the central 
charges was carried out, however. In Ref. [38] it was noted that for the 
Seiberg- Witten formula to be valid, a boson-term anomaly should exist in 
the monopole central charges. Even before [38] a fermion-term anomaly was 
identifled [37], which plays a crucial role [39] for the monopoles in the Higgs 
regime (conflned monopoles). 




3 The main building blocks 



3.1 Domain walls 
3.1.1 Preliminciries 

In four dimensions domain walls are two-dimensional extended objects. In 
three dimensions they become domain lines, while in two dimensions they 
reduce to kinks which can be considered as particles since they are localized. 
Embeddings of bosonic models supporting kinks in A/" = 1 supersymmetric 
models in two dimensions were first discussed in [1, 7]. Occasional remarks 
on kinks in models with four supercharges of the type of the Wess-Zumino 
models [40] can be found in the literature in the 1980s but they went unno- 
ticed. The only issue which caused much interest and debate in the 1980s 
was the issue of quantum corrections to the BPS kink mass in 2D models 
with J\f — 1 supersymmetry. 

The mass of the BPS saturated kinks in two dimensions must be equal 
to the central charge Z in Eq. (2.2.2). The simplest two-dimensional model 
with the minimal superalgebra, admitting solitons, was considered in [41]. 
In components the Lagrangian takes the form 

£ = 1 d^(f) + + F^) + >V'((/))F - ^W'{4>)'ipip . (3.1.1) 

where W(0) is a real "superpotential" which in the simplest case takes the 
form 

>V($) = _$--$3. (3.1.2) 

Moreover, the auxiliary field F can be eliminated by virtue of the classical 
equation of motion, F = — W". This is a real reduction (two supercharges) 
of the Wess-Zumino model which has one real scalar field and one two- 
component real spinor ip. 

The story of kinks in this model is long and dramatic. In the very begin- 
ning it was argued [41] that, due to a residual supersymmetry, the mass of the 
soliton calculated at the classical level remains intact at the one-loop level. 
A few years later it was noted [42] that the non-renormalization theorem [41] 
cannot possibly be correct, since the classical soliton mass is proportional to 

/}? (where m and A are the bare mass parameter and coupling constant, 
respectively), and the physical mass of the scalar field gets a logarithmically 
infinite renormalization. Since the soliton mass is an observable physical 
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parameter, it must stay finite in the limit — > oo, where M^y is the ul- 
traviolet cut off. This implies, in turn, that the quantum corrections cannot 
vanish - they "dress" m in the classical expression, converting the bare mass 
parameter into the renormalized one. The one-loop renormalization of the 
soliton mass was first calculated in [42]. Technically the emergence of the 
one-loop correction was attributed to a "difference in the density of states 
in continuum in the boson and fermion operators in the soliton background 
field". The subsequent work [43] dealt with the renormalization of the cen- 
tral charge, with the conclusion that the central charge is renormalized in 
just the same way as the kink mass, so that the saturation condition is not 
violated. 

Then many authors repeated one-loop calculations for the kink mass 
and/or central charge [44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54]. The resuhs re- 
ported and the conclusion of saturation/non-saturation oscillated with time, 
with little sign of convergence. Needless to say, all authors agreed that the 
logarithmically divergent term in Z matched the renormalization of m. How- 
ever, the finite (non logarithmic) term varied from work to work, sometimes 
even in the successive works of the same authors, e.g. [52, 53] or [47, 48]. 
Polemics continued unabated through the 1990s. For instance, according to 
pubhcation [53], the BPS saturation is violated at one loop. This assertion 
reversed the earher trend [42, 49, 50], according to which the kink mass and 
the corresponding central charge are renormalized in a concerted way. 

The story culminated in 1998 with the discovery of a quantum anomaly in 
the central charge [55]. Classically, the kink central charge Z is equal to the 
difference between the values of the superpotential W at spatial infinities, 

Z ^ W[(l){z ^ oo)] - yV[(l){z ^ -oo)] . (3.1.3) 

This is known from the pioneering paper [1]. Due to the anomaly, the central 
charge gets modified in the following way 

W — >W+ — , (3.1.4) 

where the term proportional to W" is anomalous [55]. The right-hand side 
of Eq. (3.1.4) must be substituted in the expression for the central charge 
(3.1.3) instead of W. Inclusion of the additional anomalous term restores the 
equality between the kink mass and its central charge. The BPS nature is 
preserved, which is correlated with the fact that the kink supermultiplet is 
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short in the case at hand [56]. All subsequent investigations confirmed this 
conclusion (see e.g. the review paper [57]). 

Critical domain walls in theories with four supercharges started attracting 
attention in the 1990s. The most popular model of this time supporting such 
domain walls is the generalized Wess-Zumino model with the Lagrangian 



/ 



d^e(feK{^,^) + (^J (feyv{^) + h.c^ (3.1.5) 



where K is the Kahler potential and $ stands for a set of the chiral super- 
fields. This model can be considered in two and four dimensions. A popular 
choice was a trivial Kahler potential, 

K 

BPS walls in this system satisfy the first-order differential equations [58, 24, 
59, 60, 61] 

g-abd,^' = e'''d-aW, (3.1.6) 
where the Kahler metric is given by 

and 7 is the the phase of the (1,0) central charge Z as defined in (2.2.6). The 
phase 7 depends on the choice of the vacua between which the given domain 
wall interpolates, 

Z = 2(Wvacf-WvacJ . (3.1.8) 

A useful consequence of the BPS equations is that 

d^W ^ e'-' \\daW\\' , (3.1.9) 

and thus the domain wall describes a straight line in the W-plane connecting 
the two vacua. 

Construction and analysis of BPS saturated domain walls in four dimen- 
sions crucially depends on the realization of the fact that the central charges 
relevant to critical domain walls are not Lorentz scalars; rather they trans- 
form as (1,0) + (0,1) under the Lorenz transformations. It was a textbook 
statement ascending to the pioneering paper [21] that — 1 superalgebras 
in four dimensions leave place to no central charges. This statement is cor- 
rect only with respect to Lorenz-scalar central charges. Townsend was the 



19 



first to note [62] that "supersymmetric branes," being BPS saturated, require 
the existence of tensorial central charges antisymmetric in the Lorenz indices. 
That the anticommutator {Qa , Qfi} in four-dimensional Wess-Zumino model 
contains the (1,0) central charge is obvious. This anticommutator vanishes, 
however, in super- Yang-Mills theory at the classical level. 

3.1.2 D Branes in Gauge Field Theory 

In 1996 Dvali and Shifman found in supersymmetric gluodynamics [11] an 
anomalous (1,0) central charge in superalgebra, not seen at the classical 
level. They argued that this central charge is saturated by domain walls 
interpolating between vacua with distinct values of the order parameter, the 
gluino condensate (AA), labeling distinct vacua of super- Yang-Mills theory 
with the gauge group SU(A'^). 

Supersymmetric gluodynamics (it is often referred to as pure super- Yang- 
Mills theory) is defined by the Lagrangian 

£ = ^ Jd^9TrW^+ H.c. = ^ |- Jf;^ F"'^^ + iA^^P^^r'^j , (3.1.10) 

where A"° is the Weyl spinor in the adjoint representation of SU(A^). 

What is the domain wall? It is a field configuration interpolating between 
vacuum i and vacuum f with some transition domain in the middle. Say, to 
the left you have vacuum i, to the right you have vacuum f, in the middle 
you have a transition domain which, for obvious reasons, is referred to as the 
wall (Fig. 1). 

There is a large variety of walls in supersymmetric gluodynamics. Mini- 
mal, or elementary, walls interpolate between vacua n and n+1, while /c- walls 
interpolate between n and n + k, see Fig. 2. In [11] a mechanism was sug- 
gested for localizing gauge fields on the wall through bulk confinement. Later 
this mechanism was implemented in models at weak coupling, as we will see 
below. 

Shortly after Witten interpreted the BPS walls in supersymmetric gluo- 
dynamics as analogs of D-branes [12]. This is because their tension scales 
as N ~ 1/gs rather than l/g^ typical of solitonic objects (here gs is the 
string constant). Many promising consequences ensued. One of them was 
the Acharya-Vafa derivation of the wall worldvolume theory [63]. Using 
a wrapped D-brane picture and certain dualities they identified the /c-wall 
worldvolume theory as 1-1-2 dimensional U{k) gauge theory with the field 
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Ivac. > 




Transition domain 



Figure 1: A field configuration interpolating between two distinct degenerate 
vacua 



content of A/" = 2 and the Chern-Simons term at level N breaking J\f = 2 
down to A/" = 1. 

In A/" = 1 gauge theories with arbitrary matter content and superpotential 
the general relation (2.2.5) takes the form 



where 



{Qa , Qf^} — —4 Z 

1 



(3.1.11) 
(3.1.12) 



is the wall area tensor, and 



3 



3W-J2Qf 



dQf 



'm-j:,TiRj) 



167r2 



(3.1.13) 



61=0 



In this expression A implies taking the difference at two spatial infinities in 
the direction perpendicular to the surface of the wall. The first term in the 
second line presents the gauge anomaly in the central charge. The second 
term in the second line is a total superderivative. Therefore, it vanishes after 
averaging over any supersymmetric vacuum state. Hence, it can be safely 
omitted. The first hne presents the classical result, cf. Eq. (3.1.8). At the 



21 




Figure 2: N vacua for SU(A^). The vacua are labeled by the vacuum expectation 
value (AA) = — 6A^A^ exp{2TTik/N) where k = 0,1,..., N — 1. Elementary walls 
interpolate between two neighboring vacua 



classical level Qf{dyV/dQf) is a total superderivative too which can be seen 
from the Konishi anomaly [64], 

iQ.e^Q,) = 4g,|^ + ^TrW\ (3.1.14) 

If we discard this total superderivative for a short while (forgetting about 
quantum effects), we return to Z = 2A(W), the formula obtained in the 
Wess-Zumino model. At the quantum level Qf^dW/dQf) ceases to be a 
total superderivative because of the Konishi anomaly. It is still convenient 
to eliminate Qf{dW/dQf) in favor of TrVT^ by virtue of the Konishi relation 
(3.1.14). In this way one arrives at 

Z = 2A\w \ ^ TiW^ } . (3.1.15) 

We see that the superpotential W is amended by the anomaly; in the operator 
form 

W — >W ^ , • TiW^. (3.1.16) 

167r"' 

Of course, in pure Yang-Mills theory only the anomaly term survives. 

Beginning from 2002 we developed a benchmark M = 2 model, weakly 
coupled in the bulk (and, thus, fully controllable), which supports both BPS 
walls and BPS flux tubes. We demonstrated that a gauge fleld is indeed 
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localized on the wall; for the minimal wall this is a U(l) field while for non 
minimal walls the localized gauge field is non-Abelian. We also found a 
BPS wall-string junction related to the gauge field localization, see Sect. 8. 
The field-theory string does end on the BPS wall, after all! The end-point 
of the string on the wall, after Polyakov's dualization, becomes a source of 
the electric field localized on the wall. In 2005 Norisuke Sakai and David 
Tong analyzed generic wall-string configurations. Following condensed mat- 
ter physicists they called them hoojums} 

Equation (3.1.13) implies that in pure gluodynamics (super- Yang-Mills 
theory without matter) the domain wall tension is 

T = (IVA2),,,i| (3.1.17) 

where vaci^f stands for the initial (final) vacuum between which the given wall 
interpolates. Furthermore, the gluino condensate (TrA^)vac was calculated 
- exactly - long ago [65], using the very same methods which were later 
advanced and perfected by Seiberg and Seiberg and Witten in their quest 
for dualities in A/" = 1 super- Yang-Mills theories [66] and the dual Meissner 
effect in A/" = 2 (see [2, 3]). Namely, 

2(TrA2) = (A:^A"'") = -6ArA3exp — - , A; = 0, 1, - 1 . (3.1.18) 



ir) 

Here k labels the N distinct vacua of the theory, see Fig. 2, and A is a dynam- 
ical scale, defined in the standard manner (i.e. in accordance with Ref. [67]) 
in terms of the ultraviolet parameters, Muv (the ultraviolet regulator mass), 
and Qq (the bare coupling constant), 

A' = |Mgv(l^^)expf-|;^V (3.1.19) 



In each given vacuum the gluino condensate scales with the number of 
colors as A^. However, the difference of the values of the gluino condensates 



^ "Boojum" comes from L. Carroll's children's book Hunting of the Snark. Apparently, 
it is fun to hunt a snark, but if the snark turns out to be a boojum, you are in trouble! 
Condensed matter physicists adopted the name to describe solitonic objects of the wall- 
string junction type in helium-3. Also: The boojum tree (Mexico) is the strangest plant 
imaginable. For most of the year it is leafless and looks like a giant upturned turnip. 
G. Sykes, found it in 1922 and said, referring to Carrol "It must be a boojum!" The 
Spanish common name for this tree is Cirio, referring to its candle-like appearance. 
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in two vacua which he not too far away from each other scales as N'^. Taking 
into account Eq. (3.1.17) we conclude that the wall tension in supersymmetric 
gluodynamics 

T~iV. 

(This statement just rephrases Witten's argument why the above walls should 
be considered as analogs of D branes.) 

The volume energy density in both vacua, to the left and to the right of 
the wall, vanish due to supersymmetry. Inside the transition domain, where 
the order parameter changes its value gradually, the volume energy density is 
expected to be proportional to A^^, just because there are N'^ excited degrees 
of freedom. Therefore, T ~ iV implies that the wall thickness in super- 
symmetric gluodynamics must scale as N~^. This is very unusual, because 
normally we would say: the ghieball mass is 0{N^), hence, everything built 
of regular glueballs should have thickness of order 0{N^). 

If the wall thickness is indeed 0{N^^) the question "what consequences 
ensue?" immediately comes to one's mind. This issue is far from complete 
understanding, for relevant discussions see [68, 69, 70]. 

As was mentioned, there is a large variety of walls in supersymmetric 
gluodynamics as they can interpolate between vacua with arbitrary values of 
k. Even if kf = ki + 1, i.e. the wall is elementary, in fact we deal with several 
walls, all having one and the same tension — let us call them degenerate 
walls. The first indication on the wall degeneracy was obtained in Ref . [71] , 
where two degenerate walls were observed in SU(2) theory. Later, Acharya 
and Vafa calculated the /c-wall multiplicity [63] within the framework of D- 
brane/string formalism. 

For N — 2 only elementary walls exist, and v — 2. In the field-theoretic 
setting Eq. (3.1.20) was derived in [72]. The derivation is based on the fact 

that the index u is topologically stable — continuous deformations of the 
theory do not change u. Thus, one can add an appropriate set of matter 
fields sufficient for complete Higgsing of supersymmetric gluodynamics. The 
domain wall multiplicity in the effective low-energy theory obtained in this 
way is the same as in supersymmetric gluodynamics albeit the effective low- 
energy theory, a Wess-Zumino type model, is much simpler. 
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3.1.3 Domain wall junctions 

Two degenerate domain walls can coexist in one plane — a new phenomenon 
which, to the best of our knowledge, was first discussed in [73]. It is illus- 
trated in Fig. 3. Two distinct degenerate domain walls lie on the plane; the 
transition domain between wall 1 and wall 2 is the domain wall junction 
(domain line). 




Figure 3: Two distinct degenerate domain walls separated by the wall junction. 

Each individual domain wall is 1/2 BPS-saturated. The wall configura- 
tion with the junction line (Fig. 3) is 1/4 BPS-saturated. We start from 
A/" = 1 four- dimensional bulk theory (four supercharges). Naively, the effec- 
tive theory on the plane must preserve two supercharges, while the domain 
line must preserve one supercharge. In fact, they have four and two conserved 
supercharges, respectively. This is another new phenomenon — supersym- 
metry enhancement — discovered in [73]. . One can excite the junction line 
endowing it with momentum in the direction of the line, without altering 
its BPS status. A domain line with a plane wave propagating on it (Fig. 3) 
preserves the property of the BPS saturation, see [73]. 

Let us pass now to more conventional wall junctions. Assume that the 
theory under consideration has a spontaneously broken symmetry, with 

> 3, and, correspondingly, A^ vacua. Then one can have A^ distinct walls 
connected in the asterisk-like pattern, see Fig. 4. This field configuration 
possesses an obvious axial symmetry: the vacua are located cyclically. 
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Figure 4: The cross section of the wall junction. 



This configuration is absolutely topologically stable, as stable as the wall 
itself. Moreover, it can be BPS-saturated for any value of N. It was noted 
[24] that theories with either a U(l) or Z^r global symmetry may contain 1/4- 
BPS objects with axial geometry. The corresponding Bogomol'nyi equations 
were derived in [61] and shortly after rediscovered in [74]. Further advances 
in the issue of the domain wall junctions of the hub-and-spoke type were 
presented in [75, 76, 77, 78], see also later works [79, 80, 81, 82, 83] We would 
like to single out Ref. [76] where the first analytic solution for a BPS wall 
junction was found in a specific generalized Wess-Zumino model. Among 
stimulating findings in this work is the fact that the junction tension turned 
out to be negative in this model. The model has symmetry. It is derived 
from a SU(2) Yang-Mills theory with extended supersymmetry (A/" = 2) 
and one matter flavor perturbed by an adjoint scalar mass. The original 
model contains three pairs of chiral superfields and, in addition, one extra 
chiral superfield. In fact, the model of [76] can be simplified and adjusted 
to cover the case of arbitrary A^, which was done in [78]. The latter work 
demonstrates that the tension of the wall junctions is generically negative 
although exceptional models with the positive tension are possible too. Note 
that the negative sign of the wall junction tension does not lead to instability 
since the wall junctions do not exist in isolation. They are always attached 
to walls which stabilize this field configuration. 

Returning to SU(A^) supersymmetric gluodynamics (A^ > 3) one expects 
to get in this theory the 1/4 BPS junctions of the type depicted in Fig. 4. Of 
course, this theory is strongly coupled; therefore, the classical Bogomol'nyi 
equations are irrelevant. However, assuming that such wall junctions do 
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exist, one can find their tension at large even without solving the theory. 
To this end one uses [69, 78] the expression for the (1/2,1/2) central charge^ 
in terms of the contour integral over the axial current [27]. At large N 
the latter integral is determined by two things: the absolute value of the 
gluino condensate and the overall change of the phase of the condensate 
when one makes the 2tt rotation around the hub. In this way one arrive at 
the prediction 

T^wall junction ~ -/V . (3.1.21) 

The coefficient in front of the N"^ factor is model dependent. 

Can one interpret this N"^ dependence of the hub of the junction? Assume 
that each wall has thickness 1/A^ and there are A^ of them. Then it is natural 
to expect the radius of the intermediate domain where all walls join together 
to be of the order (1/A^) x A^ ~ A^". This implies, in turn, that the area of 
the hub is 0{N^). If the volume energy density inside the junction is A^^ (i.e. 
the same as inside the walls), one immediately gets Eq. (3.1.21). 




^There is a subtle point here which must be noted. For the waU type of the hub-and- 
spokes type the overah tension is the sum of two tensions: the tension of the waUs and 
the tension of the hub. The first is determined by the (1,0) central charge, the second by 
(1/2,1/2). Each separately is somewhat ambiguous in the case at hand. The ambiguity 
cancels in the sum [27]. 
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3.2 Vortices in D=3 and flux tubes in D=4 



Vortices were among the first examples of topological defects treated in the 
Bogomol'nyi hmit [5, 4, 1] (see also [84]). Exphcit embedding of the bosonic 
sector in supersymmetric models dates back to the 1980s. In [85] a three- 
dimensional Abelian Higgs model was considered. That model had M = 1 
supersymmetry (two supercharges) and thus, according to Sect. 2.2.2, con- 
tained no central charge that could be saturated by vortices. Hence, the 
vortices discussed in [85] were not critical. BPS saturated vortices can and 
do occur in A/" = 2 three-dimensional models (four supercharges) with a non- 
vanishing Fayet-Iliopoulos term [86, 87]. Such models can be obtained by 
dimensional reduction from four- dimensional M = 1 models. We will start 
from a brief excursion in SQED. 



3.2.1 SQED in 3D 

The starting point is SQED with the Fayet-Iliopoulos term ^ in four dimen- 
sions. The SQED Lagrangian is 



1 



4e 



2 



+ Jd'^9Qe~''^^Q-ne^ JdW9V{x,9,9), (3.2.1) 

where e is the electric coupling constant, Q and Q arc chiral matter super- 
fields (with charge rig and — ng respectively), and Wa is the supergeneraliza- 
tion of the photon field strength tensor, 

W^ = Id^ D^V = t{Xa + t9aD - 9^ F^fs - i9^d^^X'') . (3.2.2) 
o 

In four dimensions the absence of the chiral anomaly in SQED requires 
the matter superfields enter in pairs of the opposite charge. Otherwise the 
theory is anomalous, the chiral anomaly renders it non-invariant under gauge 
transformations. Thus, the minimal matter sector includes two chiral super- 
fields Q and Q, with charges rig and —rig, respectively. (In the literature a 
popular choice is Uf. — 1. In Part II we will use a different normalization. 
He = 1/2, which is more convenient in some problems that we address in 
Part II.) 
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In three dimensions there is no chirahty. Therefore, one can consider 3D 
SQED with a single matter superfield Q, with charge n^. Classically it is 
perfectly fine just to discard the superfield Q from the Lagrangian (3.2.1). 
However, such "crudely truncated" theory may be inconsistent at the quan- 
tum level [88, 89, 90]. Gauge invariance in loops requires, as we will see 
shortly, simultaneous introduction of a Chern-Simons term in the one mat- 
ter superfield model [88, 89, 90]. The Chern-Simons term breaks parity. 
That's the reason why this phenomenon is sometimes referred to as parity 
anomaly. 

A perfectly safe way to get rid of Q is as follows. Let us start from 
the two-superfield model (3.2.1), which is certainly self-consistent both at 
the classical and quantum levels. The one-superfield model can be obtained 
from that with two superfields by making Q heavy and integrating it out. 
If one manages to introduce a mass m for Q without breaking Af = 2 su- 
persymmetry, the large m limit can be viewed as an excellent regularization 
procedure. 

Such mass terms are well-known, for a review see [91, 92, 90]. They go un- 
der the name of "real masses," are specific to theories with U(l) symmetries 
dimensionally reduced from D = 4 to D = 3, and present a direct general- 
ization of twisted masses in two dimensions [32] . To introduce a "real mass" 
one couples matter fields to a background vector field with a non- vanishing 
component along the reduced direction. For instance, in the case at hand we 
introduce a background field Vb as 

AC^ = Jd^OQe^^Q, Vb = m{2i) (^e^e^ -e^e^y (3.2.3) 

The reduced spatial direction is that along the y axis. We couple V^, to the 
U(l) current of Q ascribing to Q charge one with respect to the background 
field. At the same time Q is assumed to have Vb charge zero and, thus, has 
no coupling to Vb- Then, the background field generates a mass term only 
for Q, without breaking J\f = 2. 

After reduction to three dimensions and passing to components (in the 
Wess-Zumino gauge) we arrive at the action in the following form (in the 
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three-dimensional notation) : 

+ -ne^D + neD{qq-U) 

+ [VqVi.q + 'ilji^'ilj] + V^qV^q + 'ii]iT/>'ii) 

— a^qq — {m + a)^ q q + aijj 'ip — {m + a) ^ 4' 



+ rie 



. (3.2.4) 

Here a is a real scalar field, 

X is the photino field, and q, q and ip, ip are matter fields belonging to Q and 
Q, respectively. Finally. D is an auxiliary field, the last component of the 
superfield V. Eliminating D via the equation of motion we get the scalar 
potential 

e2 _ 2 _ . 

V = +a^qq + {m + afqq, (3.2.5) 

which implies a potentially rather rich vacuum structure. For our purposes 
— the BPS-saturated vortices — only the Higgs phase is of importance. We 
will assume that 

^>0, m>0. (3.2.6) 

If ip and q are viewed as regulators (i.e. m — > 00), they can be integrated 
out leaving us with the one matter superfield model. It is obvious that 
integrating them out wc get a Chern-Simons term at one loop,^ with a well- 
defined coefficient that docs not vanish in the limit rfi — 00. We prefer to 
keep m as a free parameter, assuming that m 7^ 0. 

Prom the standpoint of vortex studies, the model (3.2.1) per se is not 
quite satisfactory due to the existence of the fiat direction (correspondingly. 



■'in passing from two to one matter superfield, in order to justify integrating out Q, 
one must consider m eV^- Given that e^/^ <i; 1, the condition m e^/^ does not 
necessarily imply that fh':^ S,. 
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there is a gapless mode which renders the theory ill-defined in the infrared, 
see Sect. 5.1). The fiat direction is eliminated ai fh ^ 0. Thus, there are free 
relevant parameters of dimension of mass, 

, ^ , and rh . 

The weak coupling regime implies that e^/^ <C 1. 

If TO 7^ the field q can (and must) be set to zero, and q , ■0 play a role only 
at the level of quantum corrections, providing a well-defined regularization in 
loops. If g = 0, the vanishing of the D term in the vacuum requires q gvac = ^• 
Then the term a^qq in (3.2.5) implies that a = in the vacuum. Up to gauge 
transformations the vacuum is unique. The Higgs phase is enforced by our 
choice TO 7^ and ^ 7^ 0. 

Central charge 

The general form of the centrally extended M = 2 superalgebra in D = 3 
was discussed in Sect. 2.3.2. The central charge relevant in the problem at 
hand — vortices — is presented by the last term in Eq. (2.3.6). It can be 
conveniently derived using the complex representation for supercharges and 
reducing from D — A io D — In four dimensions [27] 

{Qa , Qa} = 2P,^ + 2Z^^ = 2{P^ + Z^) (a^)^. , (3.2.7) 

where is the momentum operator, and 

Z„^i j d'xeo^.p {d^'AP) + ... (3.2.8) 

Here ellipses denote full spatial derivatives of currents ^ that fall off exponen- 
tially fast at infinity. Such terms are clearly inessential. 

In three dimensions the central charge of interest reduces to P2 + Z2. 
Thus, in terms of complex supercharges the appropriate centrally extended 
algebra takes the form 

{Q, (Q07°} = 2(Po7° + Pi7" + P37l 

+ 2^^ j d^xV [eo^ + ^q -Uei J d^xB 

(3.2.9) 

^Moreover, these currents are not unambiguously defined, see [27]. 
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where E is the electric field, B is the magnetic field, 

and is a conserved Noether charge, 

d^xf, f = -neip-f^'ip + ne^iT>^q. (3.2.11) 



The second line in Eq. (3.2.9) presents the vortex-related central charge.^ 
The term proportional to a gives a vanishing contribution to the central 
charge. However, the q term (sometimes omitted in the literature) plays 
an important role. It combines with the ^ term in the expression for the 
vortex mass converting the bare value of ^ into the rcnormalized one. In the 
problem at hand, the vortex mass gets renormalized at one loop, and so does 
the Fayet-Iliopoulos parameter. 

BPS equation for the vortex 
At the classical level the fields a and play no role. They will be set 

g = 0, a = 0. (3.2.12) 

The first-order equations describing the ANO vortex in the Bogomol'nyi limit 
[5, 4, 1] take the form 

S-nee2(|g|'-e)=0, 

(V^ + iV,)q^O. (3.2.13) 
with the boundary conditions 

q^ \/l e'-'"^ at r ^ oo , 

g^O at r^O, (3.2.14) 

where a is the polar angle on the xz plane, while r is the distance from the 
origin in the same plane (Fig. 5). Moreover /c, is an integer, counting the 
number of windings. 



■^Tho emergence of the U(l) Noether charge rhq/2 in the central charge is in one-to-one 
correspondence with a similar phenomenon taking place in the two-dimensional CP(A'' — 1) 
models with the twisted mass [34]. 
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Figure 5: Polar coordinates on the x, z plane. 

If Eqs. (3.2.13) are satisfied, the flux of the magnetic field is 27ik (the 
winding number k determines the quantized magnetic flux), and the vortex 
mass (string tension) is 

M= 2n^k , (3.2.15) 

The linear dependence of the /c- vortex mass on k implies the absence of their 
potential interaction. 

For the elementary k = 1 vortex it is convenient to introduce two profile 
functions 0(r) and /(r) as follows: 

q{x) = 0(r) e'- , A„(x) = --e^m ^ [1 - fir)] . (3.2.16) 

The ansatz (3.2.16) goes through the set of equations (3.2.13), and we get 
the following two equations on the profile functions: 

-lf,+ny{^'-()=0, = (3.2.17) 

The boundary conditions for the profile functions arc rather obvious from 
the form of the ansatz (3.2.16) and from our previous discussion. At large 
distances 

0(00) = v^, /(oo) = 0. (3.2.18) 

At the same time, at the origin the smoothness of the field configuration at 
hand (the absence of singularities) requires 

0(0) = 0, /(0) = 1. (3.2.19) 



33 



These boundary conditions are such that the scalar field reaches its vacuum 
value at infinity. Equations (3.2.17) with the above boundary conditions lead 
to a unique solution for the profile functions, although its analytic form is not 
known. The vortex size is ~ e~^^~^/^. The solution can be readily obtained 
numerically. The profile functions and / which determine the Higgs field 
and the gauge potential, respectively, are shown in Fig. 6. 
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Figure 6: Profile functions of the string as functions of the dimensionless vari- 
able m-yV. The gauge and scalar profile functions are given by / and s = 
respectively. 

The fermion zero modes 

Quantization of vortices requires the knowledge of the fermion zero modes 

for the given classical solution. More precisely, since the solution under 
consideration is static, we are interested in the zero-eigenvalue solutions of 
the static fermion equations which, thus, effectively become two- rather than 
three-dimensional, 

i{j''V^ + YV^)ip + neV2Xq^Q. (3.2.20) 

This equation is obtained from (3.2.4) where we dropped the tilted terms 
(since q = 0). The fermion operator is Hermitean implying that every solu- 
tion for {ip , A} is accompanied by that for {ip , A}. 

Since the solution to equations (3.2.13) discussed above is 1/2 BPS, two of 
the four supercharges annihilate it while the other two generate the fermion 
zero modes - superpartners of translational modes. One can show [93] that 
these are the only normalizable fermion zero modes in the problem at hand. 
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Short versus long representations 

The (l+2)-dimensional model under consideration has four supercharges. 
The corresponding regular super-representation is four-dimensional (i.e. con- 
tains two bosonic and two fermionic states). 

The vortex we discuss has two fermion zero modes. Hence, viewed as a 
particle in 1-1-2 dimensions it forms a super-doublet (one bosonic state plus 
one fermionic). Hence, this is a short multiplet. This implies, of course, 
that the BPS bound must remain saturated when quantum corrections are 
switched on. Both, the central charge and the vortex mass get corrections 
[94, 93], but they remain equal to each other. 

3.2.2 Four-dimensional SQED and the ANO string 

In this section we will discuss J\f = 1 SQED. SQED with extended supersym- 
metry (i.e. Af — 2) is also very interesting. This latter model is presented 
in Appendix B. 

The Lagrangian is the same as in Eq. (3.2.1). We will consider the sim- 
plest case: one chiral superfield Q with charge = 1/2, and one chiral 
superfield Q with charge rig = —1/2. The electric charge of matter is chosen 
to be half-integer to make contact with what follows. This normahzation is 
convenient in the case of non-Abehan models, see Part II. The Lagrangian 
in components can be obtained from Eq. (3.2.4) by setting a — m — 0. The 
scalar potential obviously takes the form 

V^^nl[^-{qq-iq)]\ (3.2.21) 

The vacuum manifold is a "hyperboloid" 

qq-^q = i. (3.2.22) 

Thus, we deal with the Higgs branch of real dimension two. In fact, the vac- 
uum manifold can be parametrized by a complex modulus qq. On this Higgs 
branch the photon field and superpartners form a massive super multiplet, 
while qq and superpartners form a massless one. 

As was shown in [95], no finite-thickness vortices exist at a generic point 
on the vacuum manifold, due to the absence of the mass gap (presence of the 
massless Higgs excitations). The moduli fields get involved in the solution 
at the classical level generating a logarithmically divergent tail. An infrared 
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regularization can remove this logarithmic divergence, and vortices become 
well-defined, see [96] and Sect. 7. One of possible infrared regularizations 
is considering a finite-length string instead of an infinite string. Then all 
infrared divergences are cut off at distances of the order of the string length. 
The thickness of the string is of the order of logarithm of this length. This 
is discussed in detail in Sect. 7. Needless to say, such string is not BPS- 
saturated. 

At the base of the Higgs branch, at g = 0, the classical solutions of 
the BPS equations for q and are well-defined. The form of the solution 
coincides with that given in Sect. 3.2.1. 

The fact that there is a flat direction and, hence, massless particles in 
the bulk theory does not disappear, of course. Even though at g = the 
classical string solution is well defined, infrared problems arise at the loop 
level. One can avoid massless particles in the spectrum if one embeds the 
theory (3.2.4) in SQED with eight supercharges, see Sect. 5.1 and Appendix 
B. Then the Higgs branch is eliminated, and one is left with isolated vacua. 
After the embedding is done, one can break J\f — 2 down to J\f — 1, if one 
so desires. 

A simpler framework is provided by the so-called M model. Its non- 
Abehan version is considered in Sect. 5.2. Here we will outhne the construc- 
tion of this model in the context of = 1 SQED. 

We introduce an extra neutral chiral superfield M, which interacts with 
Q and Q through the super- Yukawa coupling, 

£j^ = J d^ed'^e M + i^J d^eQMQ + {R.c)^ . (3.2.23) 

Here h is a coupling constant. As we will see momentarily the Higgs branch 
is lifted. An obvious advantage of this model is that it makes no reference 
to A/" = 2 . This is probably the simplest A/" = 1 model which supports 
BPS-saturated ANO strings without infrared problems. 
The scalar potential (3.2.21) is now replaced by 

2 

VM^^nl[^-{qq-^q)Y + h\qq\'' + \qMf + \Mq\'' . (3.2.24) 
The vacuum is unique modulo gauge transformations, 

? = ?=V?, ? = 0, M = 0. (3.2.25) 
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The classical ANO flux tube solution considered above remains valid as long 
as we set, additionally, q = M = 0. The quantization procedure is straight- 
forward, since one encounters no infrared problems whatsoever — all particles 
in the bulk are massive. In particular, there are four normalizable fermion 
zero modes (cf. Ref. [35]). 

For further thorough discussions we refer the reader to Sect. 7.2. 




37 



3.3 Monopoles 



In this section we will discuss magnetic monopoles — very interesting objects 
which carry magnetic charges. They emerge as free magnetically charged par- 
ticles in non-Abelian gauge theories in which the gauge symmetry is spon- 
taneously broken down to an Abelian subgroup.® The simplest example was 
found by 't Hooft [98] and Polyakov [99]. The model they considered had 
been invented by Georgi and Glashow [100] for different purposes. As it 
often happens, the Georgi-Glashow model turned out to be more valuable 
than the original purpose, which is long forgotten, while the model itself is 
alive and well and is being constantly used by theorists. 

3.3.1 The Georgi— Glashow model: 

vacuum and elementary excitations 

Let us begin with a brief description of the Georgi-Glashow model. The 
gauge group is SU(2) and the matter sector consists of one real scalar field 
(ff in the adjoint representation (i.e. SU(2) triplet). The Lagrangian of the 
model is 

^ " "4? ^^^"^ ^"^'^ + ^{D,r){Dy'^) - ^x{rr - , (3.3.1) 

where the covariant derivative in the adjoint acts as 

L'^0» = a^0'^ + £'^^^40^ (3.3.2) 

Below we will focus on the limit of BPS monopoles. This limit corresponds 
to a vanishing scalar coupling, A ^ 0. The only role of the last term in Eq. 
(3.3.1) is to provide a boundary condition for the scalar field. As is clear 
from Sect. 2 the monopole central charge exists only in A/" = 2 and J\f = 4 
superalgebras. Therefore, one should understand the theory (3.3.1) (at A = 
0) as embedded in super- Yang-Mills theories with extended super algebra. In 
Part 11 we will extensively discuss such embeddings in the context of A/" = 2. 

The classical definition of magnetic charges refers to theories that sup- 
port long-range (Coulomb) magnetic field. Therefore, in consideration of the 
isolated monopole the pattern of the symmetry breaking should be such that 

^In the confining regime monopoles can be obtained in some theories with no adjoint 
fields, in which the gauge symmetry is broken completely [97]. This is a recent develop- 
ment. 
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some of the gauge bosons remain massless. In the Georgi-Glashow model 
(3.3.1) the pattern is as follows: 

SU(2) ^ U(l) . (3.3.3) 

To see that this is indeed the case let us note the 0" self-interaction term (the 
last term in Eq. (3.3.1)) forces 0" to develop a vacuum expectation value, 

(0'^) = vS^" . (3.3.4) 

The direction of the vector 0" in the SU(2) space (to be referred to as "color 
space" or "isospace" ) can be chosen arbitrarily. One can always reduce it to 
the form (3.3.4) by a global color rotation. Thus, Eq. (3.3.4) can be viewed 
as a (unitary) gauge condition on the field 0. 

This gauge is very convenient for discussing the particle content of the 
theory, elementary excitations. Since the color rotation around the third axis 
does not change the vacuum expectation value of 0", 

exp 0vacexp {-^Qi^} = ^vac , 0vac = , (3.3.5) 

the third component of the gauge field remains massless — we will call it 
"photon," 

4 = , F^, = d^A, - d,A^ . (3.3.6) 
The first and the second components form massive vector bosons, 

= ^ (4 ± K) ■ (3-3-7) 

As usual in the Higgs mechanism, the massive vector bosons eat up the first 
and the second components of the scalar field 0". The third component, the 
physical Higgs field, can be parametrized as 

(j)^ = v + (p, (3.3.8) 

where (/? is the physical Higgs field. In terms of these fields the Lagrangian 
(3.3.1) can be readily rewritten as 

- {DaW+) {D^W-) + {D,W+) {D^W-) + g\v + <j>f W^W; 

- 2W^F,,W- + ^{W^W--W;^W-)\ (3.3.9) 
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where the covariant derivative now includes only the photon field, 



{d^±iA^)W^. 



(3.3.10) 



The last line presents the magnetic moment of the charged (massive) vector 
bosons and their self-interaction. In the limit A ^ the physical Higgs field 
is massless. The mass of the bosons is 



3.3.2 Monopoles — topological argument 

Let us explain why this model has a topologically stable soliton. 

Assume that monopole's center is at the origin and consider a large sphere 
Sr of radius R with the center at the origin. Since the mass of the monopole 
is finite, by definition, = on this sphere. 0" is a three-component 

vector in the isospace subject to the constraint 0"^" = which gives us a 
two dimensional sphere Sq- This, we deal here with mappings of Sr into Sq- 
Such mappings split in distinct classes labeled by an integer n, counting how 
many times the sphere Sq is swept when we sweep once the sphere Sr, since 



Sg — SU(2)/U(1) because for each given vector 0" there is a U(l) subgroup 
which does not rotate it. The SU(2) group space is a three-dimensional 
sphere while that of SU(2)/U(1) is a two-dimensional sphere. 

An isolated monopole field configuration (the 't Hooft-Polyakov monopole) 
corresponds to a mapping with n = 1. Since it is impossible to continuously 
deform it to the topologically trivial mapping, the monopoles are topologi- 
cally stable. 

3.3.3 Mciss and magnetic chcirge 

Classically the monopole mass is given by the energy functional 



Mw ^ gv. 



(3.3.11) 



7r2(SU(2)/U(l)) = Z. 



(3.3.12) 




(3.3.13) 



where 




(3.3.14) 
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The fields are assumed to be time- independent, — Bf{x), 0" = 
For static fields it is natural to assume that Aq = 0. This assumption will 
be verified posteriori, after we find the field configuration minimizing the 
functional (3.3.13). Equation (3.3.13) assumes the limit A — > 0. However, 
in performing minimization we should keep in mind the boundary condition 
0"(x)0"(f) at |f| oo. 

Equation (3.3.13) can be identically rewritten as follows: 

/ - Q Bt - + ^ BtD^r^ . (3.3.15) 

The last term on the right-hand side is a full derivative. Indeed, after inte- 
grating by parts and using the equation of motion -Di-B" = we get 

J d^xS^^B^D.cP"^ = ^ J d^xdi{Bf(f)'') 

= - / d'^Si (5>") . (3.3.16) 

9 JSn 

In the last line we made use of Gauss' theorem and passed from the volume 
integration to that over the surface of the large sphere. Thus, the last term 
in Eq. (3.3.15) is topological. 

The combination can be viewed as a gauge invariant definition of 

— * 

the magnetic field B. More exactly, 

= (3.3.17) 

V 

Indeed, far away from the monopole core one can always assume 0" to be 
aligned in the same way as in the vacuum (in an appropriate gauge), 0" = 
vS^". Then Bi = B^. The advantage of the definition (3.3.17) is that it is 
gauge independent. 

Furthermore, the magnetic charge Qm inside a sphere Sr can be defined 
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through the flux of the magnetic fleld through the surface of the sphere, ^ 

Qm^ [ d^Si-Bi. (3.3.18) 

JSn 9 

Prom Eq. (3.3.30) (see below) we wiU see that 

Bi = - B^(j)'' — m' 4 at r ^ oo , (3.3.19) 
V 

and, hence, 

An 

Qm^—. (3.3.20) 

9 

Combining Eqs. (3.3.18), (3.3.17) and (3.3.16) we conclude that 

E = vQm + J d'xi^^ Qi^r-A^") Q5f-A0")|. (3.3.21) 
The minimum of the energy functional is attained at 

^ - Di(f)'' = . (3.3.22) 

The mass of the field configuration realizing this minimum — the monopole 
mass — is obviously equal 

Mm = ^ . (3.3.23) 

Thus, the mass of the critical monopole is in one-to-one relation with its 
magnetic charge. Equation (3.3.22) is nothing but the Bogomol'nyi equation 
in the monopole problem. If it is satisfied, the second order differential 
equations of motion are satisfied too. 



remark: Conventions for the charge normahzation used in different books and papers 
may vary. In his original paper on the magnetic monopole, [101] Dirac uses the convention 

= a and the electromagnetic Hamiltonian H = (Stt)' 

-1 (^E^ + Then, the electric 
charge is defined through the flux of the electric field as e = (47r)~^ J^^ (fSiEi, and 
analogously for the magnetic charge. We use the convention according to which = Awa, 
and the electromagnetic Hamiltonian H = (23^)"^ (^E"^ + .B^j. Then e = J^^ cPSiEi 
while Qm = Xs^^ (PSiBi. 
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3.3.4 Solution of the Bogomol'nyi equation for monopoles 

To solve the Bogomol'nyi equations we need to find an appropriate ansatz 
for 0". As one sweeps Sr the vector 0" must sweep the group space sphere. 
The simplest choice is to identify these two spheres point-by-point, 

0" = -y — = vn" , r^oo. (3.3.24) 

r 

where = x'^/r. This field configuration obviously belongs to the class 
with n = 1. The SU(2) group index a got entangled with the coordinate x. 
Polyakov proposed to refer to such fields as "hedgehogs." 

Next, observe that finiteness of the monopole energy requires the covari- 
ant derivative to fall off faster than r~^/^ at large r, cf. Eq. (3.3.13). 
Since 

9^0" = 1 _ n^n'} - ^ (3.3.25) 

one must choose in such a way as to cancel (3.3.25). It is not difficult to 
see that 

A'} = 6'''^-n\ r^oo. (3.3.26) 

r 

Then the term 1/r is canceled in Di(f)"'. 

Equations (3.3.24) and (3.3.26) determine the index structure of the field 
configuration we are going to deal with. The appropriate ansatz is perfectly 
clear now, 

= v n"iJ(r) , A1 = e"'^ - F{r) , (3.3.27) 

r 

where H and F are functions of r with the boundary conditions 

H{r) 1 , F(r) ^1 at r ^ oo , (3.3.28) 

and 

H{r)^0, F{r)^0 at r ^ . (3.3.29) 

The boundary condition (3.3.28) is equivalent to Eqs. (3.3.24) and (3.3.26), 
while the boundary condition (3.3.29) guarantees that our solution is non- 
singular at r — > 0. 

After some straightforward algebra we get 

= {S"' - rfn') ^ F' + rfn' ^ {2F - F^) , 

Dicjf = v|(5"^-nV)ii/(l-F)+n"n*i/'| , (3.3.30) 

43 



where prime denotes differentiation with respect to r. 

Let us return now to the Bogomol'nyi equations (3.3.22). This is a set 
of nine first-order differential equations. Our ansatz has only two unknown 
functions. The fact that the ansatz goes through and we get two scalar 
equations on two unknown functions from the Bogomol'nyi equations is a 
highly nontrivial check. Comparing Eqs. (3.3.22) and (3.3.30) we get 

-F' = vHil-F), 
9 

H' = J- 1 (2F - F^) . (3.3.31) 

The functions H and F are dimensionless. It is convenient to make the 
radius r dimensionless too. A natural unit of length in the problem at hand 
is {gv)~^. Prom now on we will measure r in these units, 

p = r{gv). (3.3.32) 

The functions H and F arc to be considered as functions of p, while the 
prime will denote differentiation over p. Then the system (3.3.31) takes the 
form 

F' = H{l-F), 

H' = \ (2F - F^) . (3.3.33) 

These equations have known analytical solutions, 

P 



F = 1- 



sinhp ' 



= ^-i. (3.3.34) 
smhp p 

At large p the functions H and F tend to unity (cf. Eq. (3.3.28)) while at 
p^O 

F = 0{p') , H = 0(p) . 

They are plotted in Fig. 7. Calculating the flux of the magnetic held through 
the large sphere we verify that for the solution at hand Qm — 4:7r/g. 
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Magnetic flux 
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Figure 7: The functions F (solid line) and H (long dashes) in the critical monopole 
solution, vs. p. The short-dashed line shows the flux of the magnetic field Bi (in 
the units 47r) through the sphere of radius p. 

3.3.5 Collective coordinates (moduli) 

The monopole solution presented in the previous section breaks a number 
of valid symmetries of the theory, for instance, translational invariance. As 
usual, the symmetries are restored after the introduction of the collective co- 
ordinates (moduli), which convert a given solution into a family of solutions. 

Our first task is to count the number of moduli in the monopole problem. 
A straightforward way to count this number is counting linearly independent 
zero modes. To this end, one represents the fields and as a sum of the 
monopole background plus small deviations, 

_ ^a{0) ^ ^ ^ ^a(O) ^ (^^)a ^ (3.3.35) 

where the superscript (0) marks the monopole solution. At this point it is 
necessary to impose a gauge-fixing condition. A convenient condition is 

^ A< - e^^'cP^Scpy = , (3.3.36) 

where the covariant derivative in the first term contains only the background 
field. 

Substituting the decomposition (3.3.35) in the Lagrangian one finds the 
quadratic form for {a, {S(f))}, and determines the zero modes of this form 
(subject to the condition (3.3.36)). 

We will not track this procedure in detail, referring the reader to the 
original literature [102] . Instead, we suggest a simple heuristic consideration. 
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Let us ask ourselves what are the vahd symmetries of the model at hand? 
They are: (i) three translations; (ii) three spatial rotations; (iii) three rota- 
tions in the SU(2) group. Not all these symmetries are independent. It is 
not difficult to check that the spatial rotations are equivalent to the SU(2) 
group rotations for the monopole solution. Thus, we should not count them 
independently. This leaves us with six symmetry transformations. 

One should not forget, however, that two of those six act non-trivially 
in the "trivial vacuum." Indeed, the latter is characterized by the conden- 
sate (3.3.4). While rotations around the third axis in the isospace leave the 
condensate intact (see Eq. (3.3.5)), the rotations around the first and sec- 
ond axes do not. Thus, the number of moduli in the monopole problem is 
6 — 2 = 4. These four collective coordinates have a very transparent physical 
interpretation. Three of them correspond to translations. They are intro- 
duced in the solution through the substitution 

X ^ X — Xq . (3.3.37) 

The vector xq now plays the role of the monopole center. The unit vector ft 
is now defined as n = (a: — xq) / \x — xq\. 

The fourth collective coordinate is related to the unbroken U(l) symmetry 
of the model. This is the rotation around the direction of ahgnment of the 
field (f). In the "trivial vacuum" (j)"- is aligned along the third axis. The 
monopole generalization of Eq. (3.3.5) is 

^ U-^Am-iU~^dU, 

0(0) ^ = (/.(°) , 

U = exp{ia0(°V^4 ' (3.3.38) 
where the fields A^^^ and (j)^^^ are understood here in the matrix form, 

^(0) ^ ^a(O) ^ 0(0) ^ 0a(O) . 

Unlike the vacuum field, which is not changed under (3.3.5), the monopole 
solution for the vector field changes its form. The change looks as a gauge 
transformation. Note, however, that the gauge matrix U does not tend to 
unity at r — > oo. Thus, this transformation is in fact a global U(l) rotation. 
The physical meaning of the collective coordinate a will become clear shortly. 
Now let us note that (i) for small a Eq. (3.3.38) reduces to 

SA'} = a- {Di(t)^^^Y , 50 = , (3.3.39) 



46 



and this is compatible with the gauge condition (3.3.36); (ii) the variable a is 
compact, since the points a and a + 27r can be identified (the transformation 
of A^'^'> is identically the same for a and a + 27r). In other words, a is an 
angle variable. 

Having identified all four moduli relevant to the problem we can proceed 
to the quasi-classical quantization. The task is to obtain quantum mechan- 
ics of the moduli. Let us start from the monopole center coordinate Xq. To 
this end, as usual, we assume that xq weakly depends on time t, so that the 
only time dependence of the solution enters through xoit). The time depen- 
dence is important only in time derivatives, so that the quantum-mechanical 
Lagrangian of moduli can be obtained from the following expression: 



'QM — 



-f: 



.a(0) 



ik 



a(0) 



(3.3.40) 



where dkA and dk4> where supplemented by appropriate gauge transforma- 
tions to satisfy the gauge condition (3.3.36). 

Averaging over the angular orientations of x yields 



'QM 



-Mm + \ (x^f J 



d'^x 



2 1 
3? 



^a(0)^a(0) 



= -Mm + —r- (xo) 



(3.3.41) 



This last result readily follows if one combines Eqs. (3.3.13) and (3.3.22). 
Of course, this final answer could have been guessed from the very begin- 
ning since this is nothing but the Lagrangian describing free non-relativistic 
motion of a particle of mass Mm endowed with the coordinate xq. 

Now, having tested the method in the case where the answer was obvious, 
let us apply it to the fourth collective coordinate a. Using Eq. (3.3.39) we 
get ^ ^ 

-^^aQM = - ^ ' (3.3.42) 



2M2, 



or, equivalently. 



2 M, 



Pa = 



M 



da 



(3.3.43) 
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where 71^ is the part of the Hamiltonian relevant to a. The full quantum- 
mechanical Hamiltonian describing the moduli dynamics is, thus, 

H = Mm + ^ + ^^pL P^-^^. (3.3.44) 
IMm ^ Mm dxo 

It describes free motion of a spinless particle endowed with an internal (com- 
pact) variable a. While the spatial part of Tl does not raise any questions, 
the a dynamics deserves an additional discussion. 

The a motion is free, hut one should not forget that a is an angle. Because 
of the 27T periodicity, the corresponding wave functions must have the form 

*(a)=e^'=°^, (3.3.45) 

where k is an integer. A; = 0, ±1, ±2, .... Strictly speaking, only the ground 
state. A; = 0, describes the monopole — a particle with the magnetic charge 
'in/g and vanishing electric charge. Excitations with k ^ correspond to a 
particle with the magnetic charge 4:71 /g and the electric charge kg, the dyon. 

To see that this is indeed the case, let us note that for A; 7^ the expecta- 
tion value of Pa is k and, hence, the expectation value of d = {M^/Mm) Pa 
is M^k/MM- Moreover, let us define a gauge-invariant electric field £i (anal- 
ogous to Bi of Eq. (3.3.17)) as 

£i = - E^r = - 0"^°^ Af^ = ^ a ( A0"^°^ ) ■ (3.3.46) 



V ' V ' 



Since for the critical monopole Di(\f''^^^ = {\/g)B^ we see that 

E^^a^B,, (3.3.47) 
and the flux of the gauge-invariant electric held over the large sphere is 



-- / 

^w9 Jsr 



- f d'S.S,^^-^- I d%B, (3.3.48) 
9 Jsr Mm Mm " 



where we replaced a by its expectation value. Thus, the flux of the electric 
held reduces to 

- / d^SiEi^kg, (3.3.49) 
9 Jsn 

which proves the above assertion of the electric charge kg. 
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It is interesting to note that the mass of the dyon can be written as 



Mn^MM + -^k^^ ^JmI + M^k^ = v^Ql, + Ql . (3.3.50) 

Although from our derivation it might seem that the square root result is 
approximate, in fact, the prediction for the dyon mass Md — v{Ql^ + Q%y^'^ 
is exact; it follows from the BPS saturation and the central charges in jV = 2 
model (sec Sect. 2). 

Magnetic monopoles were introduced in theory by Dirac in 1931 [101]. 
He considered macroscopic electrodynamics and derived a self-consistency 
condition for the product of the magnetic charge of the monopole Qm and 
the elementary electric charge e,^ 

QMe^2TT. (3.3.51) 

This is known as the Dirac quantization condition. For the 't Hooft-Polyakov 
monopole we have just derived that QmS = 47r, twice larger than in the Dirac 
quantization condition. Note, however, that g is the electric charge of the W 
bosons. It is not the minimal possible electric charge that can be present in 
the theory at hand. If quarks in the fundamental (doublet) representation 
of SU(2) were introduced in the Gcorgi-Glashow model, their U(l) charge 
would be e = g/2, and the Dirac quantization condition would be satisfied 
for such elementary charges. 

3.3.6 SingulEir gauge, or how to comb a hedgehog 

The ansatz (3.3.27) for the monopole solution we used so far is very conve- 
nient for revealing a nontrivial topology lying behind this solution, i.e. the 
fact that SU(2)/U(1) ~ 15*2 in the group space is mapped onto the spatial 5*2. 
However, it is often useful to gauge-transform it in such a way that the scalar 
field becomes oriented along the third axis in the color space, 0" ~ 5^", in 
all space (i.e. at all x), repeating the pattern of the "plane" vacuum (3.3.4). 
Polyakov suggested to refer to this gauge transformation as to "combing the 
hedgehog." Comparison of Figs. 8a and 86 shows that this gauge transforma- 
tion cannot be nonsingular. Indeed, the matrix which combs the hedgehog, 

(nV") [/ = T^ (3.3.52) 

^In Dirac's original convention the charge quantization condition is, in fact, Qms = 
(1/2). 
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has the form 



where 



U 



V 



x/2 



(n 



3\2 



(3.3.53) 



(3.3.54) 



and n is the unit vector in the direction of x. The matrix U is obviously 
singular at = — 1 (see Fig. 8). This is a gauge artifact since all physically 
measurable quantities are nonsingular and well-defined. In the "old" Dirac 
description of the monopole [103] the singularity oi U at — —1 would 
correspond to the Dirac string. 




a) radial gauge 



Dirac string 
b) singular gauge 



Figure 8: Transition from the radial to singular gauge or combing the hedgehog 

In the singular gauge the monopole magnetic field at large \x\ takes the 
"color-combed" form 

«.-Y;i = 4.- — . (3.3.55) 

The latter equation naturally implies the same magnetic charge Qm — 47r/g', 
as was derived in Sect. 3.3.2. 



3.3.7 Monopoles in SU(iV) 

Let us return to critical monopoles and extend the construction presented 
above from SU(2) to SU(A^)[104, 105]. The starting Lagrangian is the same 
as in Eq. (3.3.1), with the replacement of the structure constants e"-^"^ of SU(2) 
by the SU(A'") structure constants /"^'^. The potential of the scalar-field self- 
interaction can be of a more general form than in Eq. (3.3.1). Details of 
this potential are unimportant for our purposes since in the critical limit the 
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potential tends to zero; its only role is to fix the vacuum value of the field 
at infinity. 

Recall that all generators of the Lie algebra can be always divided into 
two groups — the Cartan generators ifj, which all commute with each other, 
and a set of raising (lowering) operators Eot, 

E\j, = E-ot . (3.3.56) 

For SU( A/") — and we will not discuss other groups — there are — 1 Cartan 
generators which can be chosen as 

= ^diag{l,-l,0,....0}, 

= ^diag{l,l,-2,0,....0}, 



= diag{l,l,l,...,-m,...,0}, 

y 2m(m + 1) 

(3.3.57) 

H^-^ = , ^ diag {1,1, -(AT - 1)}, 

N{N — l)/2 raising generators E(x, and N{N — l)/2 lowering generators 
E-oc- The Cartan generators are analogs of T3/2 while -B-I-q; are analogs of 
T±/2. Moreover, N{N — 1) vectors a, -a are called root vectors. They are 
[N — l)-dimensional. 

By making an appropriate choice of basis, any element of SU(A^) algebra 
can be brought to the Cartan subalgebra. Correspondingly, the vacuum value 
of the (matrix) field = 0"T" can always be chosen to be of the form 

(t>^^^hH, (3.3.58) 

where h is an {N — l)-component vector, 

h = {hi, h2, Hn-i} ■ (3.3.59) 

For simplicity we will assume that for all simple roots > (otherwise, we 
will just change the condition defining positive roots to meet this constraint). 
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Depending on the form of the self-interaction potential distinct patterns 
of gauge symmetry breaking can take place. We will discuss here the case 
when the gauge symmetry is maximally broken, 

SU(A^) ^ U(l)^-^ . (3.3.60) 

The unbroken subgroup is Abelian. This situation is general. In special 
cases, when h is orthogonal to a"*, for some m (or a set of m's) the unbroken 
subgroup will contain non- Abelian factors, as will be explained momentarily. 
These cases will not be considered here. 

The topological argument proving the existence of a variety of topologi- 
cally stable monopoles in the above set-up parallels that of Sect. 3.3.2, except 
that Eq. (3.3.12) is replaced by 

712 (SU(Ar)/U(l)^-^) = TTi (U(l)^-^) = Z^-^ . (3.3.61) 

There are — 1 independent windings in the SU(A") case. 

The gauge field (in the matrix form, = A^ T") can be represented 

as 

N-1 

A^T'^ ^Y. ^7 + < ^« ' (3-3-62) 

m=l ex. 

where A™'s (m = 1, A^ — 1) can be viewed as "photons," while A^^s as 
'W bosons." The mass terms are obtained from the term 

in the Lagrangian. Substituting here Eqs. (3.3.58) and (3.3.62) it is easy to 
see that the Vl^-boson masses are 

Mot^gha. (3.3.63) 

A"— 1 massive bosons corresponding to simple roots 7 play a special role: they 
can be thought of as fundamental, in the sense that the quantum numbers 
and masses of all other W bosons can be obtained as linear combinations 
(with nonncgativc integer coefficients) of those of the fundamental W bosons. 
With regards to the masses this is immediately seen from Eq. (3.3.63) in 
conjunction with 

ot^^k-y-y. (3.3.64) 
7 
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Construction of SU(A^) monopoles reduces, in essence, to that of a SU(2) 
monopole through various embeddings of SU(2) in SU(A^). Note that each 
simple root 7 defines an SU(2) subgroup^ of SU(A^) with the following three 
generators: 

= jH, (3.3.65) 

with the standard algebra [t\ P] — ie'^^^t^. If the basic SU(2) monopole 
solution corresponding to the Higgs vacuum expectation value v is denoted 
as {0"(r; ?;), A^ir] v)}, see Eq. (3.3.27), the construction of a specific SU(A^) 
monopole proceeds in three steps: (i) choose a simple root 7; (ii) decompose 
the vector h in two components, parallel and perpendicular with respect to 
7, 

h — h\\-\-h±, 
h\\ = ^7, ^1x7 = 0, 
V = 7^>0; (3.3.66) 

(iii) replace A"(r; v) by A1{r\ v) and add a covariantly constant term to the 
field 0"(r; v) to ensure that at r ^ 00 it has the correct asymptotic behavior, 
namely, 2Tr0^ = h^. Algebraically the SU(A^') monopole solution takes the 
form 

(j)^(l)''{r;v)e + h±H, Ai ^ A1{r; v)e . (3.3.67) 

Note that the mass of the corresponding W boson My — gv, in full parallel 
with the SU(2) monopole. 

It is instructive to verify that (3.3.67) satisfies the BPS equation (3.3.22). 
To this end it is sufficient to note that [h±H, Ai] =0, which in turn implies 

What remains to be done? We must analyze the magnetic charges of the 
SU(A'") monopoles and their masses. In the singular gauge (Sect. 3.3.6) the 



^Generally speaking, each root ct defines an SU(2) subalgcbra according to Eq. (3.3.65), 
but we will deal only with the simple roots for reasons which will become clear momentarily. 
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Higgs field is aligned in the Cartan subalgebra, ^ ~ hH. The magnetic 
field at large distances from the monopole core, being commutative with 0, 
also lies in the Cartan subalgebra. In fact, from Eq. (3.3.65) we infer that 
combing of the SU(A^) monopole leads to 

Bi^in-fH- -, (3.3.68) 

47rr^ 

which implies, in turn, that the set of iV — 1 magnetic charges of the SU(A'") 
monopole is given by the components of the {N — l)-vector 

47r 

Qm = — 7- (3.3.69) 
9 

Of course, the very same result is obtained in a gauge invariant manner from 
a defining formula 

2Tr ( A0) ^ iQj^h) ^ ^ . (3.3.70) 

Equation (3.3.15) implies that the mass of this monopole is 

47r V 

Mm^ = QMh = , (3.3.71) 

' 9 

to be compared with the mass of the corresponding W bosons, 

Mj=g-fh = gv, (3.3.72) 

in perfect parallel with the SU(2) monopole results of Sect. 3.3.3. The general 
magnetic charge quantization condition takes the form 

e^p{igQMH}^l. (3.3.73) 

Let us ask ourselves what happens if one builds monopolcs on non-simple 
roots. Such solutions are in fact composite: they consist of the basic "simple- 
root" monopoles — the masses and quantum numbers (magnetic charges) of 
the composite monopoles can be obtained by summing up the masses and 
quantum numbers of the basic monopoles, according to Eq. (3.3.64). 
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3.3.8 The 9 term induces a fractional electric chcirge 
for the monopole (the Witten effect) 

There is a P- and T-odd term, the 9 term, which can be added to the 
Lagrangian for the Yang-Mills theory without spoiling renormalizability. It 
is given by 

Ce = -^F^P'""' = — ^ • . (3.3.74) 

This interaction violates P and CP but not C. As is well known, this term 
is a surface term and does not affect the classical equations of motion. There 
is however 9 dependence in instanton effects which involve non-trivial long- 
range behavior of the gauge fields. As was realized by Witten [106], in the 
presence of magnetic monopoles 9 also has a nontrivial effect, it shifts the 
allowed values of electric charge in the monopole sector of the theory. 

Since the equations of motions do not change, the monopole solution ob- 
tained above stays intact. What changes is the effective quantum-mechanical 
Lagrangian. As usual, we assume an adiabatic time dependence of moduli. 
In the case at hand we must replace the constant phase modulus a by a{t). 
This generates the electric field 



where Eq. (3.3.39) is used. The magnetic field does not change, and can be 
expressed through (^Di(f)^'^^Y using Eq. (3.3.22). As a result, the quantum- 
mechanical Lagrangian for a acquires a full derivative term, 

^aQM = — a-— a, /x = — — . (3.3.75) 

Z/J, ZTT Mm 

This changes the expression for the canonic momentum conjugated to a. If 
previously Pa was af/i, now 

Pa = --^. (3.3.76) 

// ZTT 



Correspondingly, 



a = n[pa + • (3.3.77) 
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From Sect. 3.3.5 we know that the electric charge of the field configuration 
at hand is (see Eq. (3.3.49)) 



Mw 9 Jsr 
Substituting Eq. (3.3.77) and (pa) = k we arrive at 

QE=(^k + :^^g. (3.3.79) 

We see that at 6 ^ the electric charge of the dyon is non-integer. As 6 
changes from zero to the physically equivalent point 9 = 27t the dyon charges 
shift by one unit. The dyon spectrum as a whole remains intact. 




3.4 Monopoles and fermions 

The critical 't Hooft-Polyakov monopoles we have just discussed can be em- 
bedded in jV = 2 super- Yang-Mills. There are no jV = 1 models with the 
't Hooft-Polyakov monopoles (albeit M = 1 theories supporting confined 
monopoles are found [97]). The minimal model with the BPS-saturated 
't Hooft-Polyakov monopole is the M = 2 generalization of supersymmetric 
gluodynamics, with the gauge group SU(2). In terms oiH — 1 superfields it 
contains one vector superfield in the adjoint describing gluon and gluino, plus 
one chiral superfield in the adjoint describing a scalar M = 2 superpartner 
for gluon and a Weyl spinor, an A/" = 2 superpartner for gluino. 

The couplings of the fermion fields to the boson fields are of a special 
form, they are fixed by jV = 2 supersymmetry. In this section we will first 
present the Lagrangian oi H — 2 supersymmetric gluodynamics, including 
the part with the adjoint fermions, and then consider effects due to the 
adjoint fermions. We conclude Sect. 3.4 with a comment on fermions in the 
fundamental representation in the monopole background. 

3.4.1 M = 2 super- Yang— Mills (without matter) 

Two J\f = 1 superfields are used to build the model, 

= i (A, + ie^ D-e" F^p - ie^D^^x'^) , (3.4.1) 

and 

A^a + V2ip9 + 9^F. (3.4.2) 

Here the notation is spinorial, and all fields are in the adjoint representation 
of SU(2). The corresponding generators are 

(T"),, = ^£,„d. (3.4.3) 

The Lagrangian contains kinetic terms and their supergeneralizations. In 
components 

g { 4: ^ 2 

+ -0"'" iD^^ -0"'" + (D^ a) {D^ a) 

- V2eabc (a" A"'" + A^ i^"'") - ^ ^abc a' a'} . (3.4.4) 
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As usual, the D field is auxiliary and can be eliminated via equation of 
motion, 

= ie„6caV. (3.4.5) 

There is a flat direction: if the fleld a is real all D terms vanish. If a is 
chosen to be purely real or purely imaginary and the fermion fields ignored 
we obviously return to the Georgi-Glashow model discussed above. 

Let us perform the Bogomol'nyi completion of the of the bosonic part 
of the Lagrangian (3.4.4) for static field configurations. Neglecting all time 
derivatives and, as usual, setting Aq = 0, one can write the energy functional 
as follows: 



1=1,2,3; a=l,2,3 '' 



V2 
9' 



\/2g ' 9 

js.3.(Fra'), (3.4.6) 



where 



and the square of the D term (3.4.5) is omitted — the D term vanishes 
provided a is real, which we will assume. This assumption also allows us to 
replace the absolute value in the first line by the square brackets. The term 
in the second line can be written as an integral over a large sphere, 

^ j d^x di {Fr = ^ / (a'^ Fn . (3.4.7) 

The Bogomol'nyi equations for the monopole are 

F*" ± V2Di a" = 0. (3.4.8) 

This coincides with Eq. (3.3.22) in the Georgi-Glashow model, up to a nor- 
malization. (The field a is complex, generally speaking, and its kinetic term 
is normalized differently.) If the Bogomol'nyi equations are satisfied, the 
monopole mass is determined by the surface term (classically). Assuming 
that in the "fiat" vacuum a" is aligned along the third direction and taking 
into account that in our normalization the magnetic fiux is Att we get 

Mm = ^^^^47r, (3.4.9) 
9 
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where — we remind — is assumed to be positive. This is in full agreement 
with Eq. (3.3.23). 

3.4.2 Supercurrents and the monopole central charge 

The general classification of central charges in A/" = 2 theories in four dimen- 
sions is presented in Sect. 2.3.3. Here we will briefiy discuss the Lorentz- 
scalar central charge Z in the theory (3.4.4). It is this central charge that is 
saturated by critical monopoles. 

The model, being J\f — 2, possesses two conserved supercurrents, 



where f.d. stands for full derivatives. The both expressions can be combined 
in one compact formula if we introduce an SU(2) index / (/ =1,2) (to be 
repeatedly used in Part 11) in the following way: 



Then Ai = — and A2 = A. The supercurrent takes the form (/ = 1,2) 





(3.4.10) 




(3.4.11) 




+ d^pi^pja) + a^^(Aa,/ a) - 3£^«5I(A^,/ a) 




(3.4.12) 



Classically the commutator of the corresponding supercharges is 





(3.4.13) 
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Z in Eq. (3.4.13) is sometimes referred to as the monopole central charge. 
For the BPS-saturatcd monopolcs Mm = Z. 

Quantum corrections in the monopole central charge and in the mass of 
the BPS saturated monopoles were first discussed in Refs. [8, 107, 43] two 
decades ago. The monopole central charge is renormahzed at one-loop level. 
This is obvious due to the fact that the corresponding quantum correction 
must convert the bare coupling constant in Eq. (3.4.13) into the renormahzed 
one. The fact that the logarithmic renormalizations of the monopole mass 
and the gauge coupling constant match was established long ago. However, 
there is a residual non-logarithmic effect which cannot be obtained from 
Eq. (3.4.13). It was not until 2004 that people realized that the monopole 
central charge (3.4.13) must be supplemented by an anomalous term [39]. 

To elucidate the point, let us consider (following [38]) the formula for the 
monopole/dyon mass obtained in the exact Seiberg-Witten solution [2], 



ne,nm ^ V2 a (ne - — n„ 
\ a 



(3.4.14) 



where ne,m are integer electric and magnetic numbers (we will consider here 
only a particular case when either ng = 0, 1 or = 0, 1) and 



an 



I a 



47r 2 , Mo 

In 

5o a 



(3.4.15) 



The subscript is introduced for clarity, it marks the bare charge. The renor- 
mahzed coupling constant is defined in terms of the ultraviolet parameters 
as follows: 

(3.4.16) 

da 

Because of the a In a dependence, dao/da differs from ao/a by a constant 
(non-logarithmic) term, namely. 



a 
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(3.4.17) 



Combining Eq. (3.4.14) and (3.4.17) we get 



47r 2 
a\ne-i\^ 



(3.4.18) 



60 



This does not match Eq. (3.4.13) in the non-logarithmic part (i.e. the term 
2\/2nm/'K)- Since the relative weight of the electric and magnetic parts in 
Eq. (3.4.13) is fixed to be g"^^ the presence of the above non- logarithmic 
term implies that, in fact, the chiral structure E'^ — iBj obtained at the 
canonic commutator level cannot be maintained once quantum corrections 
are switched on. This is a quantum anomaly. 

So far no direct calculation of the anomalous contribution in {Q^, Qj/} 
in the operator form has been carried out. However, it is not difficult to 
reconstruct it indirectly, using Eq. (3.4.18), the fermion term obtained in 
Ref. [39] and a close parallel between jV = 2 super- Yang-Mills theory and 
Af — 2 CP{N — 1) model with twisted mass in two dimensions in which a 
similar problem was solved [34] , 

l^a' ^?}a.om = ^ ^-fi ^^-om = - (Safi) ^ j ^S, (3.4.19) 

where 

^ i4-(^"T^«)(a^r^ 



= d'^i^E^' + iB^y -^XKa^y" i/j''^, (3.4.20) 

to be added to Eq. (3.4.13). The (1,0) conversion matrix (cr-^)"^ is defined 
in Sect. A. 5. Equation (3.4.20) is to be compared with that obtained at the 
end of Sect. 4.5.3. 

In the SU(A^) theory we would have instead of ^ in Eq. (3.4.19). 

Adding the canonic and the anomalous terms in {Q^, Qj/} together we 
see that the fluxes generated by color-electric and color-magnetic terms are 
now shifted, untied from each other, by a non-logarithmic term in the mag- 
netic part. Normalizing to the electric term, Mw — V^a, we get for the 
magnetic term 

MM^V2a(^^~^^ , (3.4.21) 
as it is necessary for the consistency with the exact Seiberg-Witten solution. 
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3.4.3 Zero modes for adjoint fermions 

Equations for the fermion zero modes can be readily derived from the La- 
grangian (3.4.4), 

iL'«dV'"'^ + V^£„;.ea"A^ = 0, (3.4.22) 

plus Hermitean conjugate. After a brief reflection we can get two complex 
(four real) zero modes. ^° Two of them are obtained if we substitute 

^^ = ^D^^a. (3.4.23) 

The other two solutions correspond to the following substitution: 

^p»P ^ Xa=V2 Daa a . (3.4.24) 

This result is easy to understand. Our starting theory has eight supercharges. 
The classical monopole solution is BPS-saturatcd, implying that four of these 
eight supercharges annihilate the solution (these are the Bogomol'nyi equa- 
tions) , while the action of the other four supercharges produces the fermion 
zero modes. 

With four real fermion collective coordinates, the monopole supermulti- 
plet is four-dimensional: it includes two bosonic states and two fermionic. 
(The above counting refers just to monopole, without its antimonopole part- 
ner. The antimonopole supermultiplet also includes two bosonic and two 
fermionic states.) Prom the standpoint oi H — 2 supersymmetry in four di- 
mensions this is a short multiplet. Hence, the monopole states remain BPS 
saturated to all orders in perturbation theory (in fact, the criticality of the 
monopole supermultiplet is valid beyond perturbation theory [2, 3]). 

3.4.4 Zero modes for fermions in the fundamental representation 

This topic, being related to an interesting phenomenon of charge fractional- 
ization, is marginal for this review. Therefore, we will limit ourselves to a 
brief comment. The interested reader is referred to [16, 108, 17] for further 
details. The fermion part of the Lagrangian can be obtained from (3.4.4) 

^•^This means that the monopole is described by two complex fermion collective coordi- 
nates, or four real. 
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with the obvious replacement of the adjoint Dirac fermion by the fundamen- 
tal one, which we will denote by x, 



^ " ? {-^^"^'^;. + \ {D^<t>){D,<t^) + x^^X - X0x} • (3.4.25) 

The Dirac equation then takes the form 

(i7^L>^-0)x = O. (3.4.26) 

Needless to say that the gamma matrices can be now chosen in any represen- 
tation we find to be the most convenient. The one which is indeed convenient 

For the static 't Hooft-Polyakov monopole configuration (with Aq = 0) the 
zero mode equations reduce to two decoupled equations 

= {ia'Di + cj>)x- ^0. 

= (ia^A-</')x+ = 0, i = l,2,3. (3.4.28) 
provided we parametrize x{^) terms of the following two-component spinors: 

X-{^-)- (3.4.29) 

Now we can use the Callias theorem which says 

dim ker 1? — dim ker!^^ = , (3.4.30) 

where rim is the topological number, rim, = 1 for the monopole and rim. — —1 
for the antimonopole. This imphes, in turn, that Eq. (3.4.28) has one complex 
zero mode, i.e. in the case at hand wc characterize the monopole by one 
complex fermion collective coordinate (and its conjugate, of course). This 
fact leads to a drastic consequence: the monopole acquires a half-integer 
electric charge. It becomes a dyon with charge 1/2 even in the absence of the 
9 term. This phenomenon - the charge fractionalization in the cases with a 
single complex fermion collective coordinate - is well-known in the literature 
[108, 16, 34, 17] and dates back to Jackiw and Rebbi [109]. 



63 



3.4.5 The monopole super mult iplet: dimension of the BPS rep- 
resentations 

As was first noted by Montonen and Olive [110], all states in jV = 2 model - 
W bosons and monopolcs alike - arc BPS saturated. This results in the fact 
that supermultiplets of this model are short. Regular (long) supermultiplet 
would contain 2'^^ = 16 helicity states, while the short ones contain 2^^ = 4 
helicity states - two bosonic and two fermionic. This is in full accord with the 
fact that the number of the fermion zero mode on the given monopole solution 
is four, resulting in dim-4 representation of the supersymmetry algebra. If we 
combine particles and antiparticles together, as is customary in field theory, 
we will have one Dirac spinor on the fermion side of the supermultiplet in 
both cases, 1^-bosons/monopoles. 
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PART II: Long Journey 




Warning: 

In Part II we switch to Euclidean conventions. This is appropriate and 
convenient from the technical point of view, since we mostly study static 
(time-independent) field configurations, and = 0. Then the Euchdean 
action reduces to the energy functional. See Appendix A, Sect. A. 7. 
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Ever since 't Hooft [111] and Mandelstam [112] put forward the hypoth- 
esis of the dual Meissner effect to explain color confinement in non-Abelian 
gauge theories people were trying to find a controllable approximation in 
which one could reliably demonstrate the occurrence of the dual Meissner ef- 
fect in these theories. A breakthrough achievement was the Seiberg-Witten 
solution [2] oi J\f = 2 supersymmetric Yang-Mills theory. They found mass- 
less monopoles and, adding a small (A/" = 2)-breaking deformation, proved 
that they condense creating strings carrying a chromoelectric flux. It was a 
great success in qualitative understanding of color confinement. 

A more careful examination shows, however, that details of the Seiberg- 
Witten confinement are quite different from those we expect in QCD-like 
theories. Indeed, a crucial aspect of Ref. [2] is that the SU(A^) gauge symme- 
try is first broken, at a high scale, down to U(l)^^^, which is then completely 
broken, at a much lower scale where condensation of magnetic monopoles oc- 
curs. Correspondingly, the strings in the Seiberg-Witten solution are, in fact, 
Abehan strings [36] of the Abrikosov-Nielsen-Olesen (ANO) type which re- 
sults, in turn, in confinement whose structure does not resemble at all that 
of QCD. In particular, the "hadronic" spectrum is much richer than that 
in QCD [113, 114, 115, 35, 116]. To see this it is sufficient to observe that, 
given the low-energy gauge group U(l)^~^, one has N — 1 Abelian strings 
associated with each of the — 1 Abehan factors. Since 

7ri(t/(l)^-i) =Z^-S (3.4.31) 

the Abelian strings and, therefore, the meson spectrum come in A^ — 1 infinite 
towers. This feature is not expected in real-world QCD. Moreover, there is 
no experimental indications of dynamical Abelization in QCD. 

Here in Part II we begin our long journey which covers the advances of 
the last decade. Most developments are even fresher, they refer to the last 
five years or so. First we dwell on the recent discovery of non-Abelian strings 
[117, 118, 119, 120] which appear in certain regimes in A/" = 2 supersymmetric 
gauge theories. Moreover, they were found even in A/" = 1 theories, the so- 
called M model, see Sect. 5.2. The most important feature of these strings is 
that they acquire orientational zero modes associated with rotations of their 
color flux inside a non-Abehan SU(A") subgroup of the gauge group. The 
occurrence of these zero modes makes these strings genuinely non-Abelian. 

The flux tubes in non-Abelian theories at weak coupling were studied 
in numerous papers previously [121, 122, 123, 124, 125, 126, 127]. These 
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strings are referred to as strings because they are related to the center 
of the gauge group SU(A^). Consider, say, the SU(A^) gauge theory with a 
few (more than one) scalar fields in the adjoint representation. Suppose the 
adjoint scalars condense in such a way that the SU(A^) gauge group is broken 
down to its center Z^. Then string solutions are classified according to 



In all these previous constructions [121, 122, 123, 124, 125, 126, 127] 
of the Zjv strings the flux was always directed in a flxed group direction 
(corresponding to a Cartan subalgebra), and no moduli that would allow to 
freely rotate its orientation in the group space were ever obtained. Therefore 
it is reasonable to call these Zj^ strings Abefian, in contrast the non-Abefian 
strings, to be discussed below, which have orientational moduli. 

Consideration of non-Abelian strings naturally leads us to conflned non- 
Abelian monopoles. We follow the fate of the classical 't Hooft-Polyakov 
monopole (classical not in the sense of "non-quantum" but rather in the sense 
of something belonging to textbooks) in the Higgs "medium" — from free 
monopoles, through a weakly confined regime, to a highly quantum regime 
in which confined monopoles manifest themselves as kinks in the low-energy 
theory on the string world sheet. The confined monopoles are sources (sinks) 
to which the magnetic flux tubes are attached. We demonstrate that they 
are dual to quarks just in the same vein as the magnetic flux tubes are dual 
to the electric ones. 

Our treatise covers the non-Abelian flux tubes both in theories with the 
minimal {J\f = 1 ) and extended {J\f = 2 ) supersymmetry. 

The third element of the big picture which we explore is the wall-string 
junction. Prom string/D brane theory it is well-known that the fundamental 
string can end on the brane. In fact, this is a deflning property of the brane. 
Since our task is to reveal in gauge theories all phenomena described by 
string/D brane theory we must be able to see the string-wall junctions. And 
we do see them! The string-wall junctions which later got the name boojums 
were flrst observed in an jV = 2 gauge theory in Ref. [159]. This construction 
as well as later advances in the boojum theory are thoroughly discussed in 



The domain walls as brane prototypes must possess another remarkable 
feature — they must localize gauge flelds. This localization was flrst proven 




(3.4.32) 



Part II. 



68 



to occur in an A/" = 2 gauge theory in Ref . [37] . The domain- wall world sheet 
theory is the theory of three-dimensional gauge fields after all! 

All the above elements combined together lead us to a thorough under- 
standing of the Meissner effect in non-Abelian theories. To understand QCD 
we need to develop a model of the dual Meissner effect. Although this prob- 
lem is not yet fully solved, we report here on a significant progress in this 
direction. 

4 Non-Abelian strings 

In this section we discuss a particular class of A/" = 2 supersymmetric gauge 
theories in which non-Abelian strings were found. One can pose the question: 
what is so special about these models that makes an Abelian Z^v string 
become non-Abelian? Models we will dwell on below have both gauge and 
fiavor symmetries broken by the condensation of scalar fields. The common 
feature of these models is that some global diagonal combination of color and 
flavor groups survive the breaking. We consider the case when this diagonal 
group is S\J{N)c+F, where the subscript C + F means a combination of 
global color and flavor groups. The presence of this unbroken subgroup is 
responsible for the occurrence of the orientational zero modes of the string 
which entail its non-Abelian nature. 

Clearly, the presence of supersymmetry is not important for the construc- 
tion of non-Abehan strings. In particular, while here we focus on the BPS 
non-Abelian strings in A/" = 2 supersymmetric gauge theories, in Sect. 5 we 
review non-Abelian strings in A/" = 1 supersymmetric theories and in Sect. 6 
in non-supersymmetric theories. 

4.1 Basic model: A/" = 2 SQCD 

The model we will deal with derives from M = 2 SQCD with the gauge group 
SU(A'^ -|- 1) and Nf = N flavors of the fundamental matter hypermultiplets 
which we will call quarks [3]. At a generic point on the Coulomb branch of 
this theory, the gauge group is broken down to U(l)'^. We will be interested, 
however, in a particular subspace of the Coulomb branch, on which the gauge 
group is broken down to SU(A^) xU(l). We will enforce this regime by a 
special choice of the quark mass terms. 

The breaking SU(A^ + 1) — >-SU(A^) xU(l) occurs at the scale m which is 
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supposed to lie very high, m Asu(Af+i), where Asu(iv+i) is the scale of the 
SU(A^ + 1) theory. Correspondingly, the masses of the gauge bosons from 
SU(A^ + l)/SU(A^)xU(l) sector and their superpartners, are very large — 
proportional to m — and so are the masses of the (A^+ l)-th color component 
of the quark fields in the fundamental representation. We will be interested 
in the phenomena at the scales -C m. Therefore, our starting point is in 
fact the SU(A^) xU(l) model with Nf = N matter fields in the fundamental 
representation of SU(A^), as it emerges after the SU(A^ + 1) ^SU(A^) xU(l) 
breaking. These matter fields are also coupled to the U(l) gauge field. 

The field content of SU(iV)xU(l) Af = 2SQCD with N flavors is as 
follows. The — 2 vector multiplet consists of the U(l) gauge field and 
the SU(A^) gauge field A'^, (here a = 1, ...,N^ — 1), and their Weyl fermion 
superpartners (A^, A^) and (A^", A^"), plus complex scalar fields a, and a". 
The latter are in the adjoint representation of SU(A^). The spinorial index of 
A's runs over a = 1, 2. In this sector the global SU(2)ii symmetry inherent 
to the Af — 2 model at hand manifests itself through rotations -^-^ A^. 

The quark multiplets of the SU(A^) xU(l) theory consist of the complex 
scalar fields q''^ and q^k (squarks) and the Weyl fermions ip'^^ and ipAk, all in 
the fundamental representation of the SU(A^) gauge group. Here k = 1, N 
is the color index while A is the flavor index, A — 1, N. Note that the 
scalars q''^ and q''^ form a doublet under the action of the global SU(2)ij 
group. 

The original SU(A^ + 1) theory is perturbed by adding a small mass term 
for the adjoint matter, via the superpotential W = Tr Generally speak- 
ing, this superpotential breaks J\f — 2 down to jV = 1. The Coulomb branch 
shrinks to a number of isolated M —1 vacua [2, 3, 113, 128, 129]. In the limit 
of — > these vacua correspond to special singular points on the Coulomb 
branch in which monopoles/dyons or quarks become massless. The first 
[N + 1) of these points (often referred to as the Seiberg-Witten vacua) are 
always at strong coupling. They correspond to jV = 1 vacua of the pure 
SU(A^ + 1) gauge theory. 

The massless quark points — they present vacua of a distinct type, to be 
referred to as the quark vacua — may or may not be at weak coupling de- 
pending on the values of the quark mass parameters tua- If mA ^ Asu(jv+i), 
the quark vacua do lie at weak coupling. Below we will be interested only in 
the quark vacua assuming that the condition ruA ^ Asu(3) is met. 

In the low-energy SU(A^) xU(l) theory, which is our starting point, the 
perturbation W = Tr can be truncated, leading to a crucial simplifica- 



70 



tion. Indeed, since the A chiral superfield, the Af — 2 superpartner of the 
U(l) gauge field, 

A = a+V2X^e + Fa9\ (4.1.1) 

it not charged under the gauge group SU(A^) xU(l), one can introduce the 
superpotential hnear in A, 

W.= -^M. (4.1.2) 

Here we expand Tr$^ around its vacuum expectation value (VEV), and 
truncate the series keeping only the linear term in A. The truncated super- 
potential is a Fayet-Iliopoulos (FI) F-term. 

Let us explain this in more detail. In Af — 1 supersymmetric theory with 
the gauge group SU(A'") xU(l) one can add the following FI term to the action 
[130] (we will call it the FI D-term here): 

6 D (4.1.3) 

where D is the D-component of the U(l) gauge field. In A/" = 2 SUSY theory 
the field D belongs to the SU(2)ij triplet, together with the F components of 
the chiral field A, F and F. Namely, let us introduce a triplet Fp {p — 1, 2, 3) 
using the relations 

F = -^(Fi + zF2), 

F = l={F,-tF,). (4.1.4) 

Now, the generalized FI term can be written as 

N 



Jd^'x^pFp. (4.1.5) 
Comparing this with Eq. (4.1.2) we identify 



e = (Ci + i^)- (4.1.6) 



-•^■^The superscript 2 in Eq. (4.1.1) is the global SU(2)/j index of A rather than A squared. 
Attention: The index p is an SU(2)ij index rather than the color index! 
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This is the reason why we refer to the superpotential (4.1.2) as to the FI 
F-term. 

A remarkable feature of the FI term is that it does not break M = 2 super- 
symmetry [114, 35]. Keeping higher order terms of the expansion of yuTr $^ 
in powers of A would inevitably explicitly break Af — 2 . For our purposes it 
is crucial that the model we will deal with is exactly M = 2 supersymmetric. 
This ensures that the flux tubes solutions of the model are BPS-saturated. 
If higher order terms in A are taken into account, M = 2 supersymmetry is 
broken down to A/" = 1 and strings are no longer BPS, generally speaking. 
The superconductivity in the model becomes of type I [35] . 

4.1.1 SU(iV)xU(l) Ar= 2 QCD 

The bosonic part of our SU(A'") xU(l) theory has the form [118] 



/ 



^92 ^i/i 92 yi 



+ |VM/|'+|V^rp + y(g^,gA,a",a)J . (4.1.7) 

Here is the covariant derivative in the adjoint representation of SU(A'"), 
and 

V,^d,-'-A,-tA;T\ (4.1.8) 

We suppress the color SU(A'") indices, and T" are the SU(A'") generators 
normalized as 

Tr(r"r^) = 1/2 d^-K 

The coupling constants gi and g2 correspond to the U(l) and SU(A^) sectors, 
respectively. With our conventions, the U(l) charges of the fundamental 
matter fields are ±1/2. 

The potential V {q"^ , qa, a"" , a) in the action (4.1.7) is a sum of D and F 
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terms, 




2 



qa, a% a) 



+ il{qAq^-qAr-Ni,f 

1 ^ fl 



+ (a + V2mA + 2T"a")g- 




(4.1.9) 



Here /"''''^ stand for the structure constants of the SU(iV) group, and the sum 
over the repeated flavor indices A is imphed. 

The first and second lines represent D terms, the third line the terms, 
while the fourth and the fifth lines represent the squark F terms. Using 
the SU(2)/j rotations we can always direct the FI parameter vector in a 
given direction. Below in most cases we will align the FI F-term to make 
the parameter ^ real. In other words. 



4.1.2 The vacuum structure and excitation spectrum 

Now we briefiy review the vacuum structure and the excitation mass spec- 
trum in our basic SU(iV) xU(l) model. The underlying M = 2 SQCD with 
the gauge group SU(A'" + 1) has a variety of vacua [128, 129, 127]. In addi- 
tion to N strong coupling vacua which exist in pure gauge theory, there is a 
number of the so-called r quark vacua, where r is the number of the quark 
flavors which develop VEV's in the given vacuum. Here we will focus on a 

^■^Thcrc arc singular points on the Coulomb branch of the underlying SU(A^+ 1) theory 
where more then N quark flavors become massless. These singularities are the roots of 
Higgs branches [128, 129, 127]. 



6 = 0, 



6 = 0, 



e = 6- 



(4.1.10) 
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particular isolated vacuum with the maximal possible value of r, 



N. 



The theory (4.1.7) is nothing but the low-energy truncation of the full SU(A'^ + 1) 
SQCD which describes physics around this vacuum. 

The vacua of the theory (4.1.7) are determined by the zeros of the poten- 
tial (4.1.9). The adjoint fields develop the following VEV's: 



nil 







rriN 



(4.1.11) 



where we defined the scalar adjoint matrix as 



1 



(4.1.12) 



For generic values of the quark masses, the SU(iV) subgroup of the gauge 
group is broken down to 11(1)^"^. However, for a special choice 



mi = m2 



(4.1.13) 



which we will be mostly interested in in this section, the SU(A'^) xU(l) gauge 
group remains classically unbroken. In fact, the common value m of the 
quark masses determines the scale of breaking of the SU(A^ + 1) gauge sym- 
metry of the underlying theory down to SU(A^) xU(l) gauge symmetry of 
our benchmark low-energy theory (4.1.7). 

If the value of the FI parameter is taken real we can exploit gauge rota- 
tions to make the quark VEV's real too. Then in the case at hand they take 
the color-flavor locked form 



kA\ 



~kA\ 



/ 1 

V 



k 



(4.1.14) 



where we write down the quark fields as an x A'^ matrix in the color and 
flavor indices. This particular form of the squark condensates is dictated by 
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the third hne in Eq. (4.1.9). Note that the squark fields stabihze at non- 
vanishing values entirely due to the U(l) factor represented by the second 
term in the third line. 

The vacuum field (4.1.14) results in the spontaneous breaking of both 
gauge and fiavor SU(iV)'s. A diagonal global SU(iV) survives, however, 

U(7V)gauge X SU(7V)fl,,„, ^ Sl]{N)c+F ■ (4.1.15) 

Thus, a color-fiavor locking takes place in the vacuum. A version of this 

pattern of the symmetry breaking was suggested long ago [131]. 

Let us move on to the issue of the excitation spectrum in this vacuum 
[35, 118]. The mass matrix for the gauge fields (A", A^j) can be read ofi' from 
the quark kinetic terms in Eq. (4.1.7). It shows that all SU(A^) gauge bosons 
become massive, with one and the same mass 

Msu(jv) =^2 V^- (4.1.16) 

The equality of the masses is no accident. It is a consequence of the unbroken 

SU(iV)c+F symmetry (4.1.15). 

The mass of the U(l) gauge boson is 




(4.1.17) 



Thus, the theory is fully Higgsed. The mass spectrum of the adjoint scalar 
excitations is the same as the one for the gauge bosons. This is enforced by 
J\f = 2. 

What is the mass spectrum of the quark excitations? It can be read off 
from the potential (4.1.9). We have 4A^^ real degrees of freedom of quark 
scalars q and q. Out of those N"^ are eaten up by the Higgs mechanism. The 
remaining 3A^^ states split in three plus 3(A'"^ — 1) states with masses (4.1.17) 
and (4.1.16), respectively. Combining these states with the massive gauge 
bosons and the adjoint scalar states we get [35, 118] one long A/" = 2 BPS 
multiplet (eight real bosonic plus eight fermionic degrees of freedom) with 
mass (4.1.17) and - 1 long J\f = 2 BPS multiplets with mass (4.1.16). 
Note that these supermultiplets come in representations of the unbroken 
S\J{N)c+F group, namely, the singlet and the adjoint representations. 

To conclude this section we want to discuss quantum effects in the theory 
(4.1.7). At a high scale m the SU(A^ + 1) gauge group is broken down to 
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SU(A'")xU(l) by condensation of the adjoint fields if the condition (4.1.13) 
is met. The SU(A^) sector is asymptotically free. The running of the cor- 
responding gauge coupling, if non-interrupted, would drag the theory into 
the strong coupling regime. This would invalidate our quasiclassical analy- 
sis. Moreover, strong coupling effects on the Coulomb branch would break 
SU(A'") gauge subgroup (as well as the S\J{N)c+f group) down to U(l)-^~^ 
by the Seiberg-Witten mechanism [2]. No non-Abelian strings would emerge. 

One way out is proposed in [128, 129]. One can add more flavors to the 
theory making Nf > 2N. Then the SU(A^) sector is not asymptotically free 
and does not evolve into the strong coupling regime. However, the ANO 
strings in the multiflavor theory (on the Higgs branches) become semilocal 
strings [132] and confinement is lost (see Sect. 4.7). Here we take a different 
route assuming the FI parameter ^ to be large 

^ > Asu{iv) ■ (4.1.18) 

This condition ensures weak coupling in the SU(A'') sector because the SU(A'") 
gauge coupling does not run below the scale of the quark VEV's which is 
determined by ^. More explicitly, 

^""^ =A^log-^^>l. (4.1.19) 



giiO Asu(iv) 

Alternatively one can say that 



A^uw = exp « e-/^ . (4.1.20) 



4.2 Zjsf Abelian strings 

Strictly speaking, M = 2 SQCD with the gauge group SU(A^ -|- 1) does not 
have stable fiux tubes. They are unstable due to monopole-antimonopole 
pair creation in the SU(A^ -t- l)/SU(A^)xU(l) sector. However, at large m 
these monopoles become heavy. In fact, there are no such monopoles in 
the low-energy theory (4.1.7) (where they can be considered as infinitely 
heavy). Therefore, the theory (4.1.7) has stable string solutions. When the 
perturbation /iTr<l>^ is truncated to the FI term (4.1.2), the theory enjoys 
M = 2 supersymmetry and has BPS string solutions [114, 35, 133, 127, 118]. 

^''We discuss this important issue in more details in the end of Sect. 4.9 
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Note that here we discuss magnetic flux tubes. They are formed in the 
Higgs phase of the theory upon condensation of the squark fields and lead to 
confinement of monopoles. 

Now, let us briefly review the BPS string solutions [127, 117, 118] in 
the model (4.1.7). Here we consider the case of equal quark masses (4.1.13) 
when the global S\J{N)c+f group is unbroken. First we review the Abelian 
solutions for Z]\f strings and then, in Sect. 4.3 show that in this limit they 
acquire orientational moduli. 

In fact, the Zn Abelian strings considered below are just partial solutions 
of the vortex equations (see Eq. (4.2.10) below). In the equal mass limit 
(4.1.13) the global S\J{N)c+f group is restored and the general solution for 
the elementary non- Abelian string gets a continuous moduli space isomorphic 
to CP(A^ — 1). The Zn strings are just discrete points on this moduli space. 

In the generic case of unequal quark masses, the SU(A^)c+f group is 
explicitly broken, and the continuous moduli space of the string solutions is 
lifted. Only the Z^ Abelian strings survive this breaking. We will dwell on 
the case of generic quark masses in Sect. 4.4.4. 

It turns out that the string solutions do not involve the adjoint fields 
a and a". The BPS strings are "built" from gauge and quark fields only. 
Therefore, in order to find the classical solution, in the action (4.1.7) we 
can set the adjoint fields to their VEV's (4.1.11). This is consistent with 
equations of motion. Of course, at the quantum level the adjoint fields start 
fluctuating, deviating from their VEV's. 

We use the ansatz 

^kA ^ ~kA ^ _}_^kA ^4 2.1) 

reducing the number of the squark degrees of freedom to one complex field 
for each color and fiavor. With these simplifications the action of the model 
(4.1.7) becomes 

+ |V„^1^ + |(^.^V)' + |(l*'"P-iV^)^ (4.2.2) 
while the VEV's of the quark fields (4.1.14) are 

= V^diag{l,l,...,l}. (4.2.3) 
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Since the spontaneously broken gauge U(l) is a part of the model under 
consideration, it supports the conventional ANO strings [36], in which one 
can discard the SU(A^)gaugc part of the action altogether. The topological 
stability of the ANO string is due to the fact that 7ri(U(l)) = Z. 

These are not the strings we are interested in. At first sight, the triviahty 
of the homotopy group, 7ri(SU(A'^)) = 0, implies that there are no other 
topologically stable strings. This impression is false. One can combine the Zj^ 
center of SU(A^) with the elements cxY>{2'Kik / N) GU(1) to get a topologically 
stable string solution possessing both windings, in SU(iV) and U(l). In other 
words, 

TTi (SU(A^) X U(l) /Zn) ^ . (4.2.4) 

It is easy to see that this nontrivial topology amounts to selecting just one 
element of </?, say, ip^^, or c/?^^, etc, and make it wind, for instance, 



V'string = \/C diag(l, 1, e*") , x ^ oo 



(4.2.5) 



Such strings can be called elementary; their tension is 1/iV-th of that of 
the ANO string. The ANO string can be viewed as a bound state of N 
elementary strings. 

More concretely, the Z^ string solution (a progenitor of the non-Abehan 
string) can be written as follows [118]: 







\ 



... 02(r) 
V ... e^"0i(r) / 



^SU(iV) 



1 

TV 



/ 1 ... \ 

... 1 
V ... -{N-l) J 



{d,a) [-l + /^A(r)], 



AT = ^ A = ^ {d.a) [1 - /(r)] , /Ij(^) = = , (4.2.6) 



^^As explained below, a is the angle of the coordinate x±_ in the perpendicular plane. 
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where i — 1,2 labels the coordinates in the plane orthogonal to the string 
axis, r and a are the polar coordinates in this plane, and / is the unit N x N 
matrix. The profile functions 0i(r) and (/)2{r) determine the profiles of the 
scalar fields, while fNA{r) and /(r) determine the SU(A^) and U(l) fields of 
the string solutions, respectively. These functions satisfy the following rather 
obvious boundary conditions: 



at r = 0, and 



0i(O)=O, 

/^^(0) = 1, /(0) = 1, 

0l(oo) = 02(OO) = V^, 

f^Aioc) = 0, /(oo) = 



(4.2.7) 



(4.2.8) 



at r = oo. 

Now, let us derive the first-order equations which determine the profile 
functions, making use of the Bogomol'nyi representation [5] of the model 
(4.2.2). We have 



T 



-I 



(fx 



1 



T7*a I 92 / _ r-pa,„A\ 



+ 



(4.2.9) 



where 

F;^ F^2 and = F^^^ , 

and we assume that the fields in question depend only on the transverse 
coordinates Xi, i = 1,2. 

The Bogomol'nyi representation (4.2.9) leads us to the following first- 
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order equations: 

Fr + gi {vaT^'') = , 

(Vi + iVa)^'^ = . (4.2.10) 

Once these equations are satisfied, the energy of the BPS object is given by 
the last surface term in (4.2.9). Note that the representation (4.2.9) can be 
written also with the opposite sign in front of the flux terms. Then we would 
get the Bogomol'nyi equations for the anti-string. 

For minimal winding we substitute the ansatz (4.2.6) in Eqs. (4.2.10) 
to get the first-order equations for the profile functions of the Zn string 
[127, 118], 

Mr) - ^ (/(r) + {N - l)/^^(r)) 0i(r) = , 
Mr) - ^ (fir) - fNA{r)) Mr) = , 

-- :f / W + 4^ [(^ - ^)Mr)' + Mr)' 

r ar 4: 

-l ^NAir) + f [Mr)' - Mr)'] =0. (4.2.11) 

These equations present a Zjy-string generalization of the Bogomol'nyi equa- 
tions for the ANO string [5] (see also (3.2.17) and (B.13)). They were solved 
numerically for the U(2) case (i.e. N — 2) m [118]. Clearly, the solutions to 
the first-order equations automatically satisfy the second-order equations of 
motion. 

The tension of this elementary Zn string is 

ri = 27r^. (4.2.12) 

Since our string is a BPS object, this result is exact and has neither per- 
turbative no nonperturbative corrections. Note that the tension of the ANO 
string is N times larger; in our normalization 

TANO = 27rAre. (4.2.13) 
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Clearly, the ansatz (4.2.6) admits permutations, leading to other Zjv 
string solutions of type (4.2.6). They can be obtained by changing the posi- 
tion of the "winding" field in Eq. (4.2.6). Altogether we have N elementary 
Zn strings. 

Of course, the first-order equations (4.2.11) can be also obtained using 
supersymmetry. We start from the supersymmetry transformations for the 
fermion fields in the theory (4.1.7), 







nl + ■ 




= ^(a^a.60"F;. + 6"^'F«- 












= iV2 faaQfAke'^^ +■■■ . 





(4.2.14) 

Here / = 1,2 is the SU(2)/j index and A'^" and A"'^" are the fermions from 
the A/" = 2 vector supermultiplets of the U(l) and SU(2) factors, respectively, 
while q'^'^-^ denotes the SU(2)r doublet of the squark fields q'^'^ and q"^'' in 
the quark hypermultiplets. The parameters of the SUSY transformations 
in the microscopic theory are denoted as e"-^. Furthermore, the F terms in 
Eq. (4.2.14) are 

F^ + iF^^i^ (Tr \(p\'^ - N^) , F^ = (4.2.15) 
for the U(l) field, and 

pal ^ ■pa2 ^ig^T^j. {(pT^ip) , = (4.2.16) 

for the SU(A'") field. The dots in (4.2.14) stand for terms involving the 
adjoint scalar fields which vanish on the string solution (in the equal mass 
case) because the adjoint fields are given by their vacuum expectation values 
(4.1.11). 

In Ref. [35] it was shown that four supercharges selected by the conditions 

^ ^ ,21 ^ ^22 (4 2.17) 
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act trivially on the BPS string. Imposing the conditions (4.2.17) and requir- 
ing the left-hand sides of Eqs. (4.2.14) to vanish we get, upon substituting 
the ansatz (4.2.6), the first-order equations (4.2.11). 



4.3 Elementary non-Abelian strings 

The elementary Zj^f strings in the model (4.1.7) give rise to bona fide non- 
Abelian strings provided the condition (4.1.13) is satisfied [117, 118, 119, 120]. 
This means that, in addition to trivial translational moduli, they have extra 
moduli corresponding to spontaneous breaking of a non-Abelian symmetry. 
Indeed, while the "fiat" vacuum (4.1.14) is SU(A^)c7+i7 symmetric, the solu- 
tion (4.2.6) breaks this symmetry down to U(l)xSU(A^ - 1) (at N > 2). 
This ensures the presence of 2(A^ — 1) orientational moduli. 

To obtain the non-Abelian string solution from the string (4.2.6) we 
apply the diagonal color-flavor rotation preserving the vacuum (4.1.14). To 
this end it is convenient to pass to the singular gauge where the scalar fields 
have no winding at infinity, while the string flux comes from the vicinity of 
the origin. In this gauge we have 
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A, 



U(l) 



= , 



(4.3.1) 



^^If, instead of (4.2.17), we required other combinations of the SUSY transformation pa- 
rameters to vanish (changing the signs in (4.2.17)) we would get the anti-string equations, 
with the opposite direction of the gauge fluxes. 

i^At TV = 2 the string solution breaks SU(2) down to U(l). 
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where C/ is a matrix e S\]{N)c+f- This matrix parametrizes orientational 
zero modes of the string associated with flux rotation in SU(A^). The presence 
of these modes makes the string genuinely non-Abelian. Since the diagonal 
color-flavor symmetry is not broken by the VEV's of the scalar fields in the 
bulk (color-flavor locking) it is physical and has nothing to do with the gauge 
rotations eaten by the Higgs mechanism. The orientational moduli encoded 
in the matrix U are not gauge artifacts. 

The orientational zero modes of a non-Abelian string were first observed 
in [117, 118]. In Ref. [117] a general index theorem was proved which shows 
that the dimension of elementary string moduli space is 2N — 2{N — 1) -|- 2 
where 2 stands for translational moduh while 2 (A^ — 1) is the dimension of 
the internal moduli space. ^® In Ref. [118] the explicit solution for the non- 
Abelian string which we review here was found and explored. 

In fact, non-translational zero modes of strings were discussed earlier in a 
U(l)xU(l) model [134, 135], and somewhat later, in more contrived models, 
in Ref. [136]. (The latter paper is entitled Zero Modes of non-Abelian Vor- 
ticesl) It is worth emphasizing that, along with some apparent similarities, 
there are drastic distinctions between the "non-Abelian strings" we review 
here and the strings that were discussed in the 1980's. In particular, in the 
example treated in Ref. [136] the gauge group is not completely broken in 
the vacuum, and, therefore, there are massless gauge fields in the bulk. If 
the unbroken generator acts non-trivially on the string fiux (which is pro- 
portional to a broken generator) then it can and does create zero modes. 
Infrared divergence problems ensue immediately. 

In the case we treat here the gauge group is completely broken (up to 
a discrete subgroup Z^). The theory in the bulk is fully Higgsed. The 
unbroken group S\J{N)c+f, a combination of the gauge and fiavor groups, 
is global. There are no massless fields in the bulk. 

It is possible to model the example considered in [136] if we gauge the 
unbroken global symmetry S\J{N)c+f of the model (4.1.7) with respect to 
yet another gauge field 

Let us also note that a generalization of the non-Abelian string solutions 
in six-dimensional gauge theory with eight supercharges was carried out in 
[137] while the non-Abelian strings in strongly coupled vacua were considered 
in [138]. 

^^The index theorem in [117] deals with more general multiple strings. It was shown 
that the dimension of the moduli space of the fc-string solution is 2kN. 
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4.4 The worldsheet effective theory 



The non-Abelian string solution (4.3.1) is characterized by two translational 
moduh (the position of the string in the (1,2) plane) and 2(A'^ — 1) orien- 
tational moduli. Below we review the effective two-dimensional low-energy 
theory on the string world sheet. As usual, the translational moduli decou- 
ple and we focus on the internal dynamics of the orientational moduli. Our 
string is a 1/2-BPS state in Af — 2 supersymmetric gauge theory with eight 
supercharges. Thus it has four supercharges acting in the world sheet theory. 
This means that we have extended Af — 2 supersymmetric effective theory 
on the string world sheet. This theory turns out to be a two-dimensional 
CP(iV - 1) model [117, 118, 119, 120]. In Sect. 4.4 we wiU first present a 
derivation of this theory and then discuss underlying physics. 



4.4.1 Derivation of the CP(A^ - 1) model 

Now, following Refs. [118, 119, 139], we will derive the effective low-energy 
theory for the moduli residing in the matrix U in the problem at hand. As is 
clear from the string solution (4.3.1), not each element of the matrix U will 
give rise to a modulus. The SU(A^ — l)xU(l) subgroup remains unbroken 
by the string solution under consideration; therefore the moduli space is 

S\J{N) 



S\J{N-1) X U(l) 



CP(A^- 1). 



(4.4.1) 



Keeping this in mind we parametrize the matrices entering Eq. (4.3.1) as 
follows: 

I 



( 1 



V 



















-1 



-(AT-l) I 



= -n'nl + , (4.4.2) 



where is a complex vector in the fundamental representation of SU(A^), 
and 

nfn' = 1 , (4.4.3) 

(Z,p = 1, N are color indices). As we will show below, one U(l) phase will 
be gauged away in the effective sigma model. This gives the correct number 
of degrees of freedom, namely, 2{N — 1). 
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With this parametrization the string solution (4.3.1) can be rewritten as 
^ = ^[(A^ -1)02 + (/>!] + (01 -</'2)(^n-n*-l^, 

- ^^.•^/(-)' (4-4.4) 

where for brevity we suppress all SU(A^) indices. The notation is self-evident. 

Assume that the oricntational moduli are slowly-varying functions of the 
string world-sheet coordinates Xk-, k = 0, 3. Then the moduli become fields 
of a (l+l)-dimensional sigma model on the world sheet. Since parametrize 
the string zero modes, there is no potential term in this sigma model. 

To obtain the kinetic term we substitute our solution (4.4.4), which de- 
pends on the moduli n\ in the action (4.2.2), assuming that the fields acquire 
a dependence on the coordinates x^. via n\xj.). In doing so we immediately 
observe that we have to modify our solution: we have to include in it the 
/c = 0, 3 components of the gauge potential which are no more vanishing. In 
the CP(1) case, as was shown in [119], the potential Ak must be orthogonal 
(in the SU(A'^) space) to the matrix (4.4.2), as well as to its derivatives with 
respect to Xk- Generalization of these conditions to the CP (A'" — 1) case leads 
to the following ansatz: 

^su(iv) ^ _. ^g^^ .n*-n- dkU* - 2n ■ n*(n*dc,n)] p{r) , a = 0, 3 , (4.4.5) 

where we assume the contraction of the color indices inside the parentheses, 

{n*dkn) = n*idk-n} , 

and introduce a new profile function p(r). 

The function p{r) in Eq. (4.4.5) is determined through a minimization 
procedure [118, 119, 139] which generates p's own equation of motion. Now 
we will outline its derivation. But at first we note that p{r) vanishes at 
infinity, 

p(cx)) = 0. (4.4.6) 
The boundary condition at r = will be determined shortly. 
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The kinetic term for n' comes from the gauge and quark kinetic terms in 
Eq. (4.2.2). Using Eqs. (4.4.4) and (4.4.5) to calculate the S\J{N) gauge field 
strength we find 



^SU(iV) 
ki 



X 



= (dkU -n* + n- dkU*) Sij — /na [1 - p{r)] 



+ ildku ■n*-n - dkU* - 2n ■ n*(n*4n)] - . (4.4.7) 

r dr 

In order to have a finite contribution from the term Tr in the action we 
have to impose the constraint 



p(0) = 1 . 



(4.4.8) 



Substituting the field strength (4.4.7) in the action (4.2.2) and including, in 
addition, the quark kinetic term, after a rather straightforward but tedious 
algebra we arrive at 

^(1+1) =2/3 j dt dz {{dk n*dk n) + {n*dk nf} , (4.4.9) 



where the coupling constant /? is given by 

92 

and / is a basic normalizing integral 



(4.4.10) 



+ 9l 



'p' 



+ + (1 - p) (02 - 0i)^ 



(4.4.11) 



The theory in Eq. (4.4.9) is nothing but the two-dimensional CP(A^ — 1) 
model. To see that this is indeed the case we can eliminate the second term 
in (4.4.9) introducing a non-propagating U(l) gauge field. We review this in 
Sect. 4.4.3, and then discuss the underlying physics of the model. 

Thus, we obtain the CP(A^ — 1) model as an effective low-energy theory on 
the worldsheet of the non-Abelian string. Its coupling constant j3 is related to 
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the four-dimensional coupling via the basic normalizing integral (4.4.11). 
This integral must be viewed as an "action" for the profile function p. 

Varying (4.4.11) with respect to p one obtains the second-order equation 
which the function p must satisfy, namely, 

(4.4.12) 

After some algebra and extensive use of the first-order equations (4.2.11) one 
can show that the solution of (4.4.12) is 

p=l-^. (4.4.13) 

02 

This solution satisfies the boundary conditions (4.4.6) and (4.4.8). Substitut- 
ing this solution back in the expression for the normalizing integral (4.4.11) 
one can check that this integral reduces to a total derivative and is given by 
the flux of the string determined by fNA{^) = 1- In this way we arrive at 

1=1. (4.4.14) 

This result can be traced back to the fact that our theory (4.2.2) is A/" = 2 
supersymmetric theory, and the string is BPS saturated. In Sect. 4.5 we will 
see that this fact is crucial for the interpretation of confined monopoles as 
sigma-model kinks. Generally speaking, for non-BPS strings, / could be a 
certain function of (see Ref. [140] for a particular example). 

Equation (4.4.11) implies 

(3=—. (4.4.15) 

92 

The two-dimensional coupling is determined by the four-dimensional non- 
Abehan coupling. This relation is obtained at the classical level. In quantum 
theory both couplings run. Therefore, we have to specify a scale at which 
the relation (4.4.15) takes place. The two-dimensional CP(A^ — 1) model 
(4.4.9) is an effective low-energy theory appropriate for the description of 
internal string dynamics at low energies, lower than the inverse thickness 
of the string which is given by the masses of the gauge/quark multiplets 
(4.1.16) and (4.1.17) in the bulk SU(A^) xU(l) theory. Thus, the parameter 
plays the role of a physical ultraviolet (UV) cutoff in the action (4.4.9). 
This is the scale at which Eq. (4.4.15) holds. Below this scale, the coupling 
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[3 runs according to its two-dimensional renormalization-group flow, see the 
Sect. 4.4.3. 

Thus — we repeat it again — the model (4.4.9) describes the low-energy 
limit: all higher order terms in derivatives are neglected. Quartic in deriva- 
tives, sextic, and so on, terms certainly exist. In fact, the derivative expansion 
runs in powers of 

{g^^/iy'd^, (4.4.16) 

where g2\f^ gives the order of magnitude of masses in the bulk theory. The 
sigma model (4.4.9) is adequate at scales below g2\/i where the higher- 
derivative corrections are negligibly small. 

To conclude this subsection let us narrow down the model (4.4.9) setting 
N = 2. In this case we deal with the CP(1) model equivalent to the 0(3) 
sigma model. The action (4.4.9) takes the form 

S^^+^) = ^ j dtdz{dkS^f , (4.4.17) 

where -S"" (a = 1,2,3) is a real unit vector, (5"")^ = 1, sweeping the two- 
dimensional sphere S^.- It is defined as 

5« = -nV"n. (4.4.18) 

The model (4.4.17), as an effective theory on the worldsheet of the non- 
Abelian string in SU(2)xU(l) SQCD with M = 2 supersymmetry, was first 
derived in [118] in field-theoretical framework. This derivation was general- 
ized for arbitrary N in [139]. A brane construction of (4.4.9) was presented 
in [117]. 

4.4.2 Fermion zero modes 

In Sect. 4.4.1 we derived the bosonic part of the effective J\f = 2supersym- 
metric CP(A^ — 1) model. Now we will find fermion zero modes for the non- 
Abelian string. Inclusion of these modes into consideration will demonstrate 
that the internal worldsheet dynamics is given by A/" = 2 supersymmetric 
CP(A'" — 1) model. This program was carried out in [119] for N — 2. Here 
we will dwell on this construction. 
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The string solution (4.4.4) in the SU(2)xU(l) theory reduces to 



U 



02 (r) 
0i(r) 



-1 





Ai{x) 



(4.4.19) 



while the parametrization (4.4.2) reduces to 



a 



Ut^U 



-1 



a 



= 1,2,3. 



(4.4.20) 



by virtue of Eq. (4.4.18). 

Our string solution is 1/2 BPS-saturated. This means that four super- 
charges, out of eight of the four-dimensional theory (4.1), act trivially on 
the string solution (4.4.19). The remaining four supercharges generate four 
fermion zero modes which were termed supertranslational modes because 
they are superpartners to two translational zero modes. The correspond- 
ing four fermionic moduli are superpartners to the coordinates xq and yo of 
the string center. The supertranslational fermion zero modes were found in 
Ref. [35] for the U(l) ANO string in A/" = 2 theory. This is discussed in detail 
in Appendix B, see Sect. B.3. Transition to the non-Abelian model at hand 
is absolutely straightforward. We will not dwell on this procedure here. 

Instead, we will focus on four additional fermion zero modes which arise 
only for the non-Abelian string, to be referred to as superorientational. They 
arc superpartners of the bosonic orientational moduli S"'. 

let us see how one can explicitly construct these four zero modes (in 
CP(1)) and study their impact on the string worldsheet. 
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At N — 2 the fermionic part of the action of the model (4.1.7) is 

-^ferm = / d^x j^A^^A"^ + ^A/^A^ + Ti [ipifip] + Tr [v^iy^ 
J k92 9i 



+ 



— Tr 



(a + aV") ^ 



+ ^Tr 



(a + aV") 7/5 



(4.4.21) 



where we use the matrix color- flavor notation for the matter fermions (■0"^)'^"^ 
and (■0'*)Afc- The traces in Eq. (4.4.21) are performed over the color-flavor 
indices. Contraction of spinor indices is assumed inside the parentheses, say, 
(AV^) = A«^". 

As was mentioned in Sect. 4.2, the four supercharges selected by the 
conditions (4.2.17) act trivially on the BPS string in the theory with the 
FI term of the F type. To generate superorientational fermion zero modes 
the following method was used in [119]. Assume the orientational moduli S"' 
in the string solution (4.4.19) to have a slow dependence on the worldsheet 
coordinates Xq and (or t and z) . Then the four (real) supercharges selected 
by the conditions (4.2.17) no longer act trivially. Instead, their action now 
generates fermion fields proportional to xq and x^ derivatives of 5"". 

This is exactly what one expects from the residual M = 2 supersymmetry 
in the worldsheet theory. The above four supercharges generate the world- 
sheet supersymmetry in the A/" = 2 two-dimensional CP(1) model, 

5x\ = ^\/2 [(^0 + id^) rf + e'^'^n'' (^o + id^) rf 7^2] , 



5x5 



i^^2 [(9o - id^) £1 + (9o - id^) rf 771] . (4.4.22) 



Here Xa = 1, 2 is the spinor index) are real two-dimensional fermions 
of the CP(1) model. They are superpartners of S"' and are subject to the 
orthogonality condition 

s^xl = . 
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The real parameters of the M = 2 two-dimensional SUSY transformations 
and ?7q, are identified with the parameters of the four-dimensional SUSY 
transformations (with the constraint (4.2.17)) as follows: 

v2 

e2 + ir]2 = -^{e^^ - e^^) = ^e^\ (4.4.23) 
v2 

In this way the worldsheet supersymmetry was used to re-express the fermion 
fields obtained upon the action of these four supercharges in terms of the 
(1-1-1) -dimensional fermions. This procedure gives us the superorientational 
fermion zero modes [119], 



0, ^f = o, 



i Xi-\- 1X2 



yl2 



1 Xi — 1X2 

2 7^ 



fNA'^[xl + ^e'^"^n'x'^ , 

02 



A 



a21 



A 



a22 



(4.4.24) 



where the dependence on xi is encoded in the string profile functions, see 
Eq. (4.4.19). 

Now let us directly check that the zero modes (4.4.24) satisfy the Dirac 
equations of motion. From the fermion action of the model (4.4.21) we get 
the Dirac equations for A", 

■^pX""^ + ^ Tr (v-r"?^ + q^T^'Pj = . (4.4.25) 
5*2 v2 ^ / 
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At the same time, for the matter fermions, 

~' 0, 



V2 

ifi; + ^ [Xfqf + X^T^qf) + {a + aV«)V] = . (4.4.26) 
v2 

Next, we substitute the orientational fermion zero modes (4.4.24) into these 
equations. After some algebra one can check that (4.4.24) do satisfy the 
Dirac equations (4.4.25) and (4.4.26) provided the first-order equations for 
the string profile functions (4.2.11) are satisfied. 

Furthermore, it is instructive to check that the zero modes (4.4.24) do 
produce the fermion part of the J\f = 2 two-dimensional CP(1) model. To 
this end we return to the usual assumption that the fermion collective coor- 
dinates Xa Eq. (4.4.24) have an adiabatic dependence on the worldsheet 
coordinates Xk {k = 0, 3). This is quite similar to the procedure of Sect. 4.4.1 
for bosonic moduli. Substituting Eq. (4.4.24) in the fermion kinetic terms in 
the bulk theory (4.4.21), and taking into account the derivatives of Xa with 
respect to the worldsheet coordinates, we arrive at 

P J dtdzi^^Xi{do-id3)xt + lx2{do + id3)x2Y (4-4.27) 

where (3 is given by the same integral (4.4.15) as for the bosonic kinetic term, 
see Eq. (4.4.17). 

Finally we must discuss the four-fermion interaction term in the CP(1) 
model. We can use the worldsheet M = 2 supcrsymmetry to reconstruct this 
term. The SUSY transformations in the CP(1) model have the form (see e.g. 
[141] for a review) 

5x1 = iV^(ai + ia3)n«£2- V^£in"(x?X^), 
5X2 = iA/2(ai-ia3)n'^£i + ^£2n"(x?X2), 

= V2(£iX2 + £2X?), (4.4.28) 

where we put r/^ = for simplicity. Imposing this supcrsymmetry leads to 
the following effective theory on the string worldsheet 

Scm=^ J dtdz^^^{^,S'^f + ^Xl^{^o-^^^)x1 
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+ \ X2^i^o + ^^3) X2 - liXiX2f] , (4.4.29) 
This is indeed the action of the J\f — 2 CP(1) sigma model in its entirety. 

4.4.3 Physics of the CP(A^ - 1) model with M = 2 

As is quite common in two dimensions, the Lagrangian of our effective theory 
on the string worldsheet can be cast in many different (but equivalent) forms. 
In particular, the — 2 supersymmetric CP(A'' — 1) model (4.4.9) can be 
understood as a strong-couphng hmit of a U(l) gauge theory [142]. Then the 
bosonic part of the action takes the form 

S = Jd'xi^2p\V,n'f + ^F^i + ^\d,a\' 

+ 4/3|a|Vf + 2e2/32(|n^|2-l)2|, (4.4.30) 

where Vk — dk — lA^ while cr is a complex scalar field. The condition (4.4.3) 
is implemented in the limit — > oo. Moreover, in this limit the gauge 
field Ak and its A/" = 2 bosonic superpartner a become auxiliary and can be 
eliminated by virtue of the equations of motion, 

Afc = -|r^|^r^^ a = . (4.4.31) 

Substituting Eq. (4.4.31) in the Lagrangian, we can readily rewrite the action 
in the form (4.4.9). 

The coupling constant P is asymptotically free [143]. The running cou- 
pling, as a function of energy is given by the formula 

A-Kp = N \n ^ , (4.4.32) 

where is a dynamical scale of the sigma model. The ultraviolet cut-off 
of the sigma model on the string worldsheet is determined by g'2V^- Equa- 
tion (4.4.15) relating the two- and four-dimensional couplings is valid at this 
scale. Hence, 

A^' = gU^e-'i = A^u(iv) ■ (4.4.33) 

Here we take into account Eq. (4.1.20) for the dynamical scale Asu(iv) of 
the SU(A^) factor of the bulk theory. Note that in the bulk theory per se, 
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because of the VEV's of the squark fields, the couphng constant is frozen at 
92VC', there are no logarithms below this scale. The logarithms of the string 
worldsheet theory take over. Moreover, the dynamical scales of the bulk and 
worldsheet theories turn out to be the same! We will explain the reason why 
the dynamical scale of the (l+l)-dimensional effective theory on the string 
worldsheet is identical to that of the SU(A^) factor of the (3+l)-dimensional 
gauge theory later, in Sect. 4.6. 

The CP(A^ — 1) model was solved by Witten in the large- limit [144]. 
We will briefly summarize Witten's results and translate them in terms of 
strings in four dimensions [119]. 

Classically the field can have arbitrary direction; therefore, one might 
naively expect a spontaneous breaking of SU(iV) and the occurrence of mass- 
less Goldstone modes. Well, this cannot happen in two dimensions. Quantum 
effects restore the symmetry. Moreover, the condition (4.4.3) gets in effect 
relaxed. Due to strong coupling we have more degrees of freedom than in the 
original Lagrangian, namely all N fields n become dynamical and acquire 
masses A^.. 

As was shown by Witten [144], the model has vacua. These vacua 
differ from each other by the expectation value of the chiral bifermion op- 
erator, see e.g. [141]. At strong coupling the chiral condensate is the order 
parameter. The U(l) chiral symmetry of the CP(A'^ — 1) model is explicitly 
broken to a discrete Z2N symmetry by the chiral anomaly. The fermion con- 
densate breaks Z2N down to Z2. That's the origin of the A'"-fold degeneracy 
of the vacuum state. 

Physics of the model becomes even more transparent in the mirror repre- 
sentation which was estabhshed [145] for arbitrary N. In this representation 
one describes the CP{N — 1) model in terms of the Coulomb gas of instan- 
tons (see [146] where this was done for non-supersymmetric CP(1) model) to 
prove its equivalence to an affine Toda theory. The CP(iV — 1) model (4.4.30) 
is dual to the following Af ^ 2 affine Toda model [145, 147, 60, 148], 

/N-l 
i=l 

+ I^A^j d'^xd^e exp (Yi) + Yl exp (-F,) j +H.c.|. (4.4.34) 
Here the last term is a dual instanton-induced superpotential. In fact the ex- 
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act form of the kinetic term in the mirror representation is not known because 

it is not protected from quantum correction in f3. However the supcrpotcntial 
in (4.4.34) is exact. Since the vacuum structure is entirely determined by the 
superpotential (4.4.34), one immediately confirms Witten's statement of N 
vacua. 

Indeed, the scalar potential of this affine Toda theory has N minima. For 
example, for N = 2 this theory becomes J\f — 2 supersymmetric sine-Gordon 
theory with scalar potential 

^SG = ^Acp(i) |smhi/|', (4.4.35) 

which obviously has two minima, at y = and y — ±i7r (warning: the points 
y = m and y — —m must be identified; they present one and the same 
vacuum) . 

This mirror model explicitly exhibits a mass gap of the order of A^.. It 
shows that there are no Goldstone bosons (corresponding to the absence of 
the spontaneous breaking of the ^\]{N)c+f symmetry). In terms of strings 
in the four-dimensional bulk theory, this means, in turn, that the string 
orientation has no particular direction, it is smeared all over. The strings we 
deal with here are genuinely non-Abelian. The vacua of the worldsheet 
theory (4.4.30) are heirs of the N "elementary" non-Abelian strings of the 
bulk theory. Note that these strings are in a highly quantum regime. They 
are not the strings of the quasiclassical U(l)^~-'^ theory since nf- is not 
aligned in the vacuum. 

Hori and Vafa originally derived [145] the mirror representation for the 
CP(A" — 1) model in the form of the Toda model. Since then other use- 
ful equivalent representations were obtained, and they were expanded to 
include the so-called twisted masses of which we will speak in Sect. 4.4.4 
and subsequent sections. A particularly useful mirror representation of the 
twisted-mass-deformed CP(A^ — 1) model was exploited by Dorey [30]. 

4.4.4 Unequal quark masses 

The fact that we have A^ distinct vacua in the worldsheet theory — A^ distinct 
elementary strings — is not quite intuitive in the above consideration. This is 
understandable. At the classical level the A/" = 2 two-dimensional CP(A^ — 1) 
sigma model is characterized by a continuous vacuum manifold. This is in 
one-to-one correspondence with continuously many strings parametrized by 
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the moduli n . The continuous degeneracy is hfted only after quantum effects 
are taken into account. These quantum effects become crucial at strong 
coupling. Gone with this lifting is the moduli nature of the fields n^. They 
become massive. This is difficult to grasp. 

To make the task easier and to facihtate contact between the bulk and 
worldsheet theories, it is instructive to start from a deformed bulk theory, 
so that the string moduli are lifted already at the classical level. Then the 
origin of the A^-fold degeneracy of the non-Abelian strings becomes trans- 
parent. This will help us understand, in an intuitive manner, other features 
listed above. After this understanding is achieved, nothing prevents us from 
returning to our problem — strings with non-Abelian moduli at the classi- 
cal level — by smoothly suppressing the moduli-breaking deformation. The 
iV-fold degeneracy will remain intact as it follows from the Witten index 
[149]. 

Thus, let us drop the assumption (4.1.13) of equal mass terms and intro- 
duce small mass differences. With unequal quark masses, the U(A'") gauge 
group is broken by the condensation of the adjoint scalars down to U(l)^, 
see (4.1.11). Off-diagonal gauge bosons, as well as the off-diagonal fields of 
the quark matrix q^"^, (together with their fermion superpartners) acquire 
masses proportional to various mass differences (m^ — 1713)- The effective 
low-energy theory contains now only diagonal gauge and quark fields. The 
reduced action suitable for the search of the string solution takes the form 




where the index h = 1, {N — 1) runs over the Cartan generators of the 
gauge group SU(A^), while the matrix ip^^ is reduced to its diagonal compo- 
nents. 

The same steps which previously lead us to Eqs. (4.2.10) now give the 
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first-order string equations in the Abefian model (4.4.36), 

^3*^^ + gl {^aT^^^) = , 

(Vi + iV2)<^'^ = . (4.4.37) 

As soon as the Z]v-string sohitions (4.2.6) have a diagonal form, they auto- 
matically satisfy the above first-order equations. 

However, the Abelian Z^r strings (4.2.6) are now the only solutions to 
these equations. The family of solutions is discrete. The global SU(A^)c+i;' 
group is broken down to U(l)^~^, and the continuous CP(A^ — 1) moduli 
space of the non-Abelian string is lifted. In fact, the vector gets fixed in 
possible positions, 

n^^5^^°, eo^l,...,N. (4.4.38) 

These N solutions correspond to the Abelian strings, see (4.2.6) and 
(4.4.4). If the mass differences are much smaller then the set of parame- 
ters becomes quasimoduM. 

Now, our aim is to derive an effective two-dimensional theory on the string 
worldsheet for unequal quark mass terms. With small mass differences we will 
still be able introduce orientational quasimoduli n^. In terms of the effective 
two-dimensional theory on the string worldsheet, unequal masses lead to a 
shallow potential for the quasimoduli n^. Let us derive this potential. 

Below we will review the derivation carried out in [119] in the SU(2) xU(l) 
model. The case of general A^ is considered in [120]. In the N = 2 case two 
minima of the potential a.t S = {0,0, ±1} correspond to two bona fide Z2 
strings. 

We start from the expression for the non-Abelian string in the singular 
gauge (4.4.19) parametrized by the moduli S*", and substitute it in the action 
(4.1.7). The only modification we actually have to make is to supplement 
our ansatz (4.4.19) by that for the adjoint scalar field a"; the neutral scalar 
field a will stay fixed at its vacuum expectation value a — —y/2ni. 

At large r the field a" tends to its VEV ahgned along the third axis in 
the color space, 

(a^) = ^, Am = mi - ms, (4.4.39) 
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see Eq. (4.1.11). At the same time, at r = it must be directed along the 
vector S"'. The reason for this behavior is easy to understand. The kinetic 
term for a"" in Eq. (4.1.7) contains the commutator term of the adjoint scalar 
and the gauge potential. The gauge potential is singular at the origin, as 
is seen from Eq. (4.4.19). This imphes that a" must be aligned along S"' at 
r — 0. Otherwise, the string tension would become divergent. The following 
ansatz for a" ensures this behavior: 

[S'^H + S"" S^l - b)] . (4.4.40) 



V2 



Here we introduced a new profile function b{r) which, as usual, will be de- 
termined from a minimization procedure. Note that at S*" = (0,0, ±1) the 
field a" is given by its VEV, as expected. The boundary conditions for the 
function b{r) are 

6(oo) = l, 6(0) =0. (4.4.41) 

Substituting Eq. (4.4.40) in conjunction with (4.4.19) in the action (4.1.7) 
we get the potential 

VcPH) = ^ d'x^{l- Si) , (4.4.42) 



where 7 is given by the integral 




+ gl 



i (1 - bf {ct>l + 0^) + 6 (01 - ct>,f 



(4.4.43) 



Here two first terms in the integrand come from the kinetic term of the 
adjoint scalar field a" while the term in the square brackets comes from the 
potential in the action (4.1.7). 

Minimization with respect to 6(r), with the constraint (4.4.41), yields 



b{r) = 1 — p(r) = -[-{r) , 



(4.4.44) 



cf. Eqs. (4.4.11), (4.4.13). Thus, 



^ 27r 27r 
7 = / X — = — . 

gi gi 



(4.4.45) 
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We see that the normahzation integrals are the same for both, the kinetic 
and the potential terms in the worldsheet sigma model, 7 = /5. As a result 
we arrive at the following effective theory on the string worldsheet: 

^CP(i) =Pjd'xl^l {d,S^f + ^ (1 - . (4.4.46) 

This is the only functional form that allows A/" = 2 completion. 

The fact that we obtain this form shows that our ansatz is fully adequate. 
The informative aspect of the procedure is (i) confirmation of the ansatz 
(4.4.40) and (ii) constructive calculation of the constant in front of (1 — 5*1) 
in terms of the bulk parameters. The mass-splitting parameter Am of the 
bulk theory exactly coincides with the twisted mass of the worldsheet model. 

The CP(1) model (4.4.46) has two vacua located at S"* = (0,0, ±1), see 
Fig. 9. Clearly these two vacua correspond to two elementary Z2 strings. 



Figure 9: Meridian slice of the target space sphere (thick solid line). Arrows 
present the scalar potential in (4.4.46), their length being the strength of the 
potential. Two vacua of the model are denoted by closed circles. 

For generic A^ the potential in the CP(A^ — 1) model was obtained in [120]. 

^^Note, that although the global SU(2)c'+f is broken by Am, the extended A/" = 2 
supersymmetry is not. 
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It has the form 



where 



E 



mi\n 



|2 



(4.4.47) 



= - m, m = ^ m^, (4.4.48) 

e 

where i = 1, ...,N. From the perspective of the bulk theory the index i of 
the CP{N — 1) model coincides with the flavor index, i = A. This potential 
has vacua (4.4.38) which correspond to N distinct Zjv strings in the bulk 
theory. 

The CP(A^ — 1) model with the potential (4.4.47) is nothing but a bosonic 
truncation of the M = 2 two-dimensional sigma model which was termed the 
twisted-mass-deformed CP(A^ — 1) model. This is a generalization of the 
massless CP(A^ — 1) model which preserves four supercharges. Twisted chiral 
superfields in two dimensions were introduced in [150] while the twisted mass 
as an expectation value of the twisted chiral multiplet was suggested in [31] . 
CP(A^ — 1) models with twisted mass were further studied in [30] and, in 
particular, the BPS spectra in these theories were determined exactly. 

From the bulk theory standpoint the two-dimensional CP(A^ — 1) model is 
an effective worldsheet theory for the non-Abelian string, and the emergence 
ol M — 2 supersymmetry should be expected. As we know, the BPS nature 
of the strings under consideration does require the worldsheet theory to have 
four supercharges. 

The twisted-mass-deformed CP(A^ — 1) model can be nicely rewritten as 
a strong coupling limit of a U(l) gauge theory [30]. With twisted masses 
of the fields taken into account, the bosonic part of the action (4.4.30) 
becomes 

+ 4/3 |^_^|2|^^|2 + 2e^/32(|n^|2- 1)^1 . (4.4.49) 

In the limit ^ oo the a field can be excluded by virtue of an algebraic 
equation of motion which leads to the potential (4.4.47). 



100 



As was already mentioned, this sigma model gives an effective description 
of our non-Abelian string at low energies, i.e. at energies much lower than 
the inverse string thickness. Typical momenta in the theory (4.4.49) are of 
the order of m. Therefore, for the action (4.4.49) to be applicable we must 
impose the condition 

\m\^g2^A. (4.4.50) 

The description in terms of the twisted-mass-deformed CP(A'^ — 1) model 
gives us a much better understanding of dynamics of the non-Abelian strings. 
If masses are much larger than the scale of the CP(A^ — 1) model A^-, the 
coupling constant f3 is frozen at a large scale (of the order of masses rhi) 
and the theory is at weak coupling. Semiclassical analysis is applicable. The 
theory (4.4.49) has N vacua located at 

n'^S''\ eo^l,...,N. (4.4.51) 

They correspond to the Abelian Zn strings of the bulk theory, see (4.4.4). 
As we reduce the mass differences and hit the value A^., the CP(A" — 1) 
model under consideration enters the strong coupling regime. At = the 
global S\J {N)c+F symmetry of the bulk theory is restored. Now has no 
particular direction. The condition (4.4.3) is relaxed. Still we have N vacua 
in the worldsheet theory (Witten's index!). They are seen in the mirror 
description, see Sect. 4.4.3. These vacua correspond to elementary non- 
Abelian strings in the strong coupling quantum regime. Thus, we see that 
for the BPS strings the transition from the Abelian to non-Abelian regimes 
is smooth. As we will discuss in Sect. 5, this is not the case for non-BPS 
strings. In the latter case the two regimes are separated by a phase transition 
[139, 151]. 

4.5 Confined monopoles as kinks of the CP(A^ — 1) 
model 

Our bulk theory (4.1.7) is in the Higgs phase and therefore the magnetic 
monopoles of this theory must be in the confinement phase. If we start 
from a theory with the SU(A^ + 1) gauge group broken to SU(A^) xU(l) by 
condensation of the adjoint scalar a from which the theory (4.1.7) emerges, 
the monopoles of the SU(A'"-|-1)/SU(A") x U(l) sector can be attached to the 
endpoints of the strings under consideration. In the bulk theory (4.1.7) 
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these monopoles are infinitely heavy at m ^ oo, and hence the Zjv strings 
are stable. However, the monopoles residing in the SU(A^) gauge group are 
still present in the theory (4.1.7). As we switch on the FI parameter ^, the 
squarks condense triggering confinement of these monopoles. In this section 
we will show that these monopoles manifest themselves as string junctions 
of the non-Abelian strings and are seen as kinks in the worldsheet theory 
interpolating between distinct vacua of the CP(A^ — 1) model [152, 119, 120]. 

Our task in this section is to trace the evolution of the confined monopoles 
starting from the quasiclassical regime, and deep into the quantum regime. 
For illustrative purposes it will be even more instructive if we started from 
the limit of weakly confined monopoles, when in fact they present just slightly 
distorted 't Hooft-Polyakov monopoles (Fig. 10). 

Let us start from the limit lAmyi^l ^ and assume all masses to be 
of the same order. In this limit the scalar quark expectation values can 
be neglected, and the vacuum structure is determined by VEV's of the ad- 
joint field a", see (4.1.11). In the non-degenerate case the gauge symmetry 
SU(A'") of our bulk model is broken down to U(l)'^~^ modulo possible dis- 
crete subgroups. This is the textbook situation for occurrence of the SU(A^) 
't Hooft-Polyakov monopoles. The monopole core size is of the order of 
|AmAs|~^. The 't Hooft-Polyakov solution remains vahd up to much larger 
distances, of the order of At distances larger than ~ the quark 

VEV's become important. As usual, the U(l) charge condensation leads to 
the formation of the U(l) magnetic flux tubes, with the transverse size of 
the order of i'^^"^ (see the upper picture in Fig. 10). The flux is quantized; 
the flux tube tension is tiny in the scale of the square of the monopole mass. 
Therefore, what we deal with in this limit is basically a very weakly confined 
't Hooft-Polyakov monopole. 

Let us verify that the confined monopole is a junction of two strings. 
Consider the junction of two Zjsi strings corresponding to two "neighboring" 
vacua of the CP(A^ — 1) model. For the ^o-th vacuum is given by (4.4.51) 
while for the -\- 1-th vacuum it is given by the same equations with — > 
£o + 1- The fiux of this junction is given by the difference of the fiuxes of 
these two strings. Using (4.4.4) we get that the fiux of the junction is 

47r X diagi {...0, 1, -1, 0, ...} , (4.5.1) 

with the non- vanishing entries located at positions ^Q and These are 

exactly the fiuxes of — 1 distinct 't Hooft-Polyakov monopoles occurring 
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-m 




Confined monopole, 
quasiclassical regime 




Figure 10: Evolution of the confined monopoles. 



in the SU(A^) gauge theory provided that SU(A^) is spontaneously broken 
down to U(l)^~^ We see that in the quasiclassical limit of large |AmyiB| 
the Abelian monopoles play the role of junctions of the Abelian Z^r strings. 
Note that in various models the monopole fluxes and those of strings were 
shown to match each other [153, 154, 155, 156, 127, 157, 158] so that the 
monopoles can be confined by strings in the Higgs phase. 

Now, let us reduce |AmA_B|. If this parameter is limited inside the interval 



the size of the monopole (~ lAm^^l" ) becomes larger than the transverse 
size of the attached strings. The monopole gets squeezed in earnest by the 
strings — it becomes a bona fide confined monopole (the lower left corner 
of Fig. 10). A natural question is how this confined monopole is seen in the 
effective two-dimensional CP(iV — 1) model (4.4.49) on the string worldsheet. 
As soon as the strings of the bulk theory correspond to vacua of the 
(jpN-i jYiodel the string junction (confined monopole) is a "domain wall" — 
kink — interpolating between these vacua, see Fig. 9. 

Below we will explicitly demonstrate that in the semiclassical regime 
(4.5.2) the solution for the string junction in the bulk theory is in one-to- 
one correspondence with the kink in the worldsheet theory. Then we will 
show that the masses of the monopole and kink perfectly match. This was 
demonstrated in [119] in the N = 2 case. 



A < \AmAB\ < V? 



(4.5.2) 
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4.5.1 The first-order equations for the string junction 



In this section we derive the first-order equations for the 1/4-BPS junction of 
the Zjsi strings in the SU(A^) xU(l) theory in the quasiclassical hmit (4.5.2). 
In this hmit Am^B is sufficiently small so that we can use our effective low- 
energy description in terms of the twistcd-mass-deformed CP(A^ — 1) model 
(4.4.49). On the other hand, Am^^ is much larger then the dynamical scale 
of the CP(A'" — 1) model; hence, the latter is in the weak coupling regime 
which allows one to apply quasiclassical treatment. 

The geometry of our junction is shown in the left corner of Fig. 10. Both 
strings are stretched along the z axis. We assume that the monopole sits near 
the origin, the = (5^^''-string is at negative z while the = 5^^''"*'^-string is 
at positive z. The perpendicular plane is parametrized by X\ and x^- What 
is sought for is a static solution of the BPS equations, with all relevant fields 
depending only on x^ and z. 

Ignoring the time variable we can represent the energy functional of our 
theory (4.2.2) as follows (the Bogomol'nyi representation 
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(4.5.3) 



plus surface terms. As compared to the Bogomol'nyi representation (4.2.9) 
for strings we keep here also terms involving the adjoint fields. Following 
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our conventions we assume the quark mass terms to be real implying that 
the vacuum expectation values of the adjoint scalar fields are real too. The 
surface terms mentioned above are 

i^surface = C / d^'xP; + v^^ / d^x {a) - ^ f dS^F^^ (4.5.4) 

J J 2=-0O 92 J 

where the integral in the last term runs over a large two-dimensional sphere 
at x'^ — > oo. The first term on the right-hand side is related to strings, 
the second to domain walls, while the third to monopoles (or the string 
junctions). 

The Bogomol'nyi representation (4.5.3) leads us to the following first- 
order equations: 

+ iF* + ^2(^1 + id2)a = , 
^ .p*a ^ + iD2)a» = , 

(k^r-2e)+V2 93a = 0, 



(Vi + iV2)</^^ = . (4.5.5) 

These are our master equations. Once these equations are satisfied the energy 
of the BPS object is given by Eq. (4.5.4). 

Let us discuss the central charges (the surface terms) of the string, do- 
main wall and monopole in more detail. Say, in the string case, the three- 
dimensional integral in the first term in Eq. (4.5.4) gives the length of the 
string times its fiux. In the wall case, the two-dimensional integral in the 
second term in (4.5.4) gives the area of the wall times its tension. Finally, 
in the monopole case the integral in the last term in Eq. (4.5.4) gives the 
magnetic-field fiux. This means that the first-order master equations (4.5.5) 
can be used to study strings, domain walls, monopoles and all their possible 
junctions. 
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It is instructive to check that the wall, the string and the monopole solu- 
tions, separately, satisfy these equations. For the domain wall this check was 
done in [37] where we used these equations to study the string-wall junctions 
(we review this in Sect. 9). Let us consider the string solution. Then the 
scalar fields a and a" are given by their VEV's. The gauge flux is directed 
along the z axis, so that = = F*" = = 0. All fields depend 
only on the perpendicular coordinates Xi and X2- As a result, the first two 
equations and the fifth one in (4.5.5) are trivially satisfied. The third and 
the fourth equations reduce to the first two equations in Eq. (4.2.10). The 
last equation in (4.5.5) reduces to the last equation in (4.2.10). 

Now, turn to the monopole solution. The 't Hooft-Polyakov monopole 
equations [98, 99] arise from those in Eq. (4.5.5) in the limit ^ = 0. Then 
all quark fields vanish, and Eq. (4.5.5) reduces to the standard first-order 
equations for the BPS 't Hooft-Polyakov monopole ( see Sect. 3.4), 

Fr + y2/^fca" = 0. (4.5.6) 

The U(l) scalar field a is given by its VEV while the U(l) gauge field vanishes. 

Now, Eq. (4.5.4) shows that the central charge of the SU(2) monopole 
is determined by (a") which is proportional to the quark mass difference, see 
(4.1.11). Thus, for the monopole on the Coulomb branch (i.e. at ^ = 0) 
Eq. (4.5.4) yields 

^ 4.(m,„^, - _ 

m 

This coincides, of course, with the Seiberg-Witten result [2] in the weak 
coupling limit. As we will see shortly, the same expression continues to hold 
even if Am^s <^ (provided that Am^e is still much larger than Asu(Ar))- 
An explanation will be given in Sect. 4.6. 

The Abelian version of the first-order equations (4.5.5) were derived in 
Ref. [159] where they were exploited to find the 1/4 BPS-saturated solution 
for the wall-string junction. The non- Abelian equations (4.5.5) in the SU(2) x 
U(l) theory were derived in [152] where the confined monopoles as a string 
junctions were considered at Am 7^ 0. Then the non-Abelian equations 
(4.5.5) were extensively used in the analysis [37] of the wall-string junctions 
in the problem of non-Abelian strings ending on a stack of domain walls, see 
Sect. 9. Next, Eqs. (4.5.5) for the confined monopoles as string junctions 
were solved in [119] in the SU(2)x U(l) theory. Below we will review this 
solution. Later ah 1/4 BPS solutions for junctions (in particular, semilocal 
string junctions) were found in [160]. 
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4.5.2 The string junction solution in the quasiclassical regime 

Now we will apply our master equations at N — 2m order to find the junction 
of the 5" = (0, 0, 1) and S'' = (0, 0, -l)-strings via an SU(2) monopole in the 
quasiclassical limit. We assume that the S"" = (0, 0, l)-string is at negative 
z, while the S"' = (0, 0, — l)-string is at positive z. We will show that the 
solution of the BPS equations (4.5.5) of the four-dimensional bulk theory is 
determined by the kink solution in the two-dimensional sigma model (4.4.46). 

To this end we will look for the solution of equations (4.5.5) in the follow- 
ing ansatz. Assume that the solution for the string junction is given, to the 
leading order in Am/y^, by the same string configuration (4.4.19), (4.4.5) 
and (4.4.40) which we dealt with previously (in the case Am ^ 0) with 5*" 
slowly- varying functions of to be determined below, replacing the constant 
moduli vector S°'. 

Now the functions S°'{z) satisfy the boundary condition 

5»(-oo) = (0,0,1) , (4.5.8) 

while 

5"(oo) = (0,0,-1). (4.5.9) 

This ansatz corresponds to the non-Abclian string in which the vector S*" 
slowly rotates from (4.5.8) at z ^ —oo to (4.5.9) at z ^ oo. We will 
show that the representation (4.4.19), (4.4.5) and (4.4.40) solves the master 
equations (4.5.5) provided the functions S°-{z) are chosen in a special way. 

Note that the first equation in (4.5.5) is trivially satisfied because the field 
a is constant and = F2 = 0. The last equation reduces to the first two 
equations in (4.2.11) because it docs not contain derivatives with respect to 
z and, therefore, is satisfied for arbitrary functions S"'{z). The same remark 
applies also to the third equation in Eq. (4.5.5), which reduces to the third 
equation in (4.2.11). 

Let us inspect the fifth equation in Eq. (4.5.5). Substituting our ansatz in 
this equation and using the formula (4.4.13) for p we find that this equation 
is satisfied provided S°'{z) are chosen to be the solutions of the equation 

93-5" = Am ((5"^ - S^'S^) . (4.5.10) 

Below we will show that these equations are nothing but the first-order kink 
equations in the massive CP(1) model. 
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By the same token, we can consider the second equation in (4.5.5). Upon 
substituting there our ansatz. it reduces to Eq. (4.5.10) too. Finally, con- 
sider the fourth equation in (4.5.5). One can see that in fact it contains an 
expansion in the parameter Am? This means that the solution we have 
just built is not exact; it has corrections of the order of 0(Am^/^). To the 
leading order in this parameter the fourth equation in (4.5.5) reduces to the 
last equation in (4.2.11). In principle, one could go beyond the leading or- 
der. Solving the fourth equation in (4.5.5) in the next-to-leading order would 
allow one to determine 0(Am^/{) corrections to our solution. 

Let us dwell on the meaning of Eq. (4.5.10). This equation is nothing 
but the equation for the kink in the CP(1) model (4.4.46). To see this let us 
write the Bogomol'nyi representation for kinks in the model (4.4.46). The 
energy functional can be rewritten as 



The above representation implies the first-order equation (4.5.10) for the 
EPS-saturated kink. It also yields 2/3Am for the kink mass. 

Thus, we have demonstrated that the solution describing the junction 
of the ,5" = (0, 0, 1) and ,5" = (0, 0, -1) Z2 strings is given by the non- 
Abelian string with a slowly varying orientation vector 5". The variation of 
5"* is described in terms of the kink solution of the (l-l-l)-dimensional CP(1) 
model with the twisted mass. 

In conclusion, we would hke to match the masses of the four-dimensional 
monopole and two-dimensional kink. The string mass and that of the string 
junction is given by the first and the last terms in the surface energy (4.5.4) 
(the second term vanishes). The first term obviously reduces to 



i.e. proportional to the total string length L. Note that both the S"' — 
(0, 0, 1) and S°' = (0, 0, —1) strings have the same tension (4.2.12). The third 
term should give the mass of the the monopole. The surface integral in this 
term reduces to the fiux of the S"" = (0, 0, — l)-string at 2; — >• 00 minus the fiux 
of the = (0, 0, l)-string at z ^ -00. The F*^ flux of the S'' = (0, 0, -1)- 
string is 2n while the F*^ flux of the S" = (0, 0, l)-string is -2n. Thus, 
taking into account Eq. (4.1.11), we get 




string 



= 27reL, 



(4.5.12) 



Mm 




(4.5.13) 
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Note, that although we discuss the monopole in the confinement phase at 
|Am| ^ (in this phase it is a junction of two strings), nevertheless the 
Am and g"^ dependence of its mass coincides with the result (4.5.7) for the 
unconfined monopole on the Coulomb branch (i.e. at ^ = 0). This is no 
accident — there is a deep theoretical reason explaining the validity of this 
unified formula. A change occurs only in passing to a highly quantum regime 
depicted in the right lower corner of Fig. 10. We will discuss this regime 
shortly in Sect. 4.5.3. 

It is instructive to compare Eq. (4.5.13) with the kink mass in the effective 
CP(1) model on the string worldsheet. As was mentioned, the surface term 
in Eq. (4.5.11) gives 

Mkink = 2/3Am. (4.5.14) 

Now, expressing the two-dimensional coupling constant (3 in terms of the 
coupling constant of the microscopic theory, see Eq. (4.4.15), we obtain 

Mkink = — Am, (4.5.15) 

92 

thus verifying that the four-dimensional calculation of Mm and the two- 
dimensional calculation of Mkink yield the same, 

MM = Mkink. (4.5.16) 

Needless to say, this is in full accordance with the physical picture that 
emerged from our analysis, that the two-dimensional CP(1) model is nothing 
but the macroscopic description of the confined monopoles occurring in the 
four-dimensional microscopic Yang-Mills theory. Technically the coincidence 
of the monopole and kink masses is based on the fact that the integral in the 
definition (4.4.10) of the sigma-model coupling (3 reduces to unity. 

4.5.3 The strong coupling limit 

Here we will consider the limit of small Atjiab, when the effective world- 
sheet theory develops a strong coupling regime. For illustrative purposes 
we will consider the simplest case, N = 2. Generalization to generic N is 
straightforward. 

As we further diminish |Am| approaching Ag- and then send Am to zero 
we restore the global S\J{2)c+f symmetry. In particularly, on the Coulomb 
branch, the SU(2) xU(l) gauge symmetry is restored. The monopole becomes 



109 



a truly non-Abelian object. In this limit the monopole size grows, and, clas- 
sically, it would explode. Moreover, the classical formula (4.5.13) interpreted 
literally shows that the monopole mass vanishes (see the discussion of the 
so-called "monopole clouds" in [105] for a review of the long-standing is- 
sue of understanding what becomes of the monopoles upon restoration of 
the non-Abelian gauge symmetry). Thus, classically one would say that the 
monopoles disappear. 

That's where quantum effects on the confining string take over. As we will 
explain below, they materialize the confined non-Abelian monopole as a well 
defined stable object [119]. Prom the standpoint of the effective worldsheet 
theory this Am domain of presents a regime of highly quantum worldsheet 
dynamics. 

While the string thickness (in the transverse direction) is ~ the 
2;-direction size of the kink representing the confined monopole in the highly 
quantum regime is much larger, ~ A~^, see the lower right corner in Fig. 10. 
Still, it remains finite in the limit Am — > 0, stabilized by non-perturbative 
effects in the worldsheet CP(1) model. Please, remember that the CP(A^ — 
1) models develop a mass gap, and no massless states are present in the 
spectrum, see Sect. 4.4.3. Moreover, the mass of the confined monopole (the 
CP(1) model kink) is also determined by the scale h.„. This sets the notion 
of what the confined non-Abelian monopole is. It is a kink in the massless 
two-dimensional CP(1) model [119]. 

We can get a more quantitative insight in physics of the worldsheet the- 
ory at strong coupling if we invoke the exact BPS spectrum of the twisted- 
mass-deformed CP(A'" — 1) model obtained in [30]. It was derived [30] by 
generahzing Witten's analysis [142] that had been carried out previously for 
the massless case. The BPS states saturate the central charge Z defined in 
Eq. (2.3.4). The exact formula for this central charge is 

Zid^iAmq + moT , (4.5.17) 

where the subscript 2d reminds us that the model in question is two-dimen- 
sional. The subscript D in m^) appears for historical reasons, in parallel 
with the Seiberg-Witten solution (it stands for dual). Furthermore, T is 
the topological charge of the kink under consideration, T — ±1, while the 
parameter q 

q = 0, ±1, ±2,... (4.5.18) 
This global U(l) charge of the "dyonic" states arises due the presence of 
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a U(l) group unbroken in (4.4.46) by the the twisted mass (the S\J{2)c+f 
symmetry is broken down to U(l) by Am ^ 0). 

The quantity rriD was introduced [30] in analogy with of Ref. [2]. In 
the case iV = 2 it has the form 



where Am is now assumed to be complex. The two-dimensional central 
charge is normalized in such a way that Mkink = |-^2d|- 

The limit |Am|/Acr oo corresponds to the quasiclassical domain, while 
corrections of the type (A^r/Am)^'^ are induced by instantons. 

What happens when one travels from the domain of large |Am| to that 
of small I Am I? If Am = we know (e.g. from the mirror representation 
[145]) that there are two degenerate two-dimensional kink super multiplets, 
corresponding to the Cecotti-Fendley-lntriUgator-Vafa (CFIV) index = 2 
[161]. They have quantum numbers {q, T} = (0, 1) and (1, 1), respectively. 
Away from the point Am = the masses of these states are no longer equal; 
there is one singular point with one of the two states becoming massless [34] . 
The region containing the point Am = is separated from the quasiclassical 
region of large Am by the curve of marginal stability (CMS) on which an 
infinite number of other BPS states, visible quasiclassically, decay. Thus, the 
infinite tower of the {q, T} BPS states existing in the quasiclassical domain 
degenerates in just two stable BPS states in the vicinity of Am = 0. 

As we outhned above, there are no massless states in the CP(1) model at 
Am = 0. In particular, the kink (confined monopole) mass is 



as it is clear from (4.5.19). On the other hand, in this limit both the last 
term in (4.5.4) and the surface term in (4.5.11) vanish for the monopole and 
kink masses, respectively. What's wrong? 

This puzzle was solved by the following observation: anomalous terms 
in the central charges of both four- dimensional and two-dimensional SUSY 
algebras are present in these theories. In two dimensions the anomalous 
terms were obtained in [33, 34] . In four dimensions the bifermion anomalous 
term was discovered in [119]. We refer the reader to Sect. 3.4.2 for a more 
detailed discussion. 




(4.5.19) 



Mm = -A, 



■a J 



(4.5.20) 
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In the bulk theory the central charge associated with the monopole is 
defined through the anticommutator 



{QiQl} = 2e^^ef^Z,,, (4.5.21) 



where Z^^ is an SU(2)r singlet; the subscript M will remind us of four di- 
mensions. It is most convenient to write Z^^. as a topological charge (i.e. the 
integral over a topological density), 

^4d = J d'xC'ix). (4.5.22) 

In the model at hand 

^ V2 " [gi 9l 27r2 "^P- 



+ 



AB 



(4.5.23) 



Note that the general structure of the operator in the square brackets is 
unambiguously fixed by dimensional arguments, the Lorentz symmetry and 
other symmetries of the bulk theory. The numerical coefiicient was first found 
in [119] by matching the monopole and kink masses at Am = 0. We also 
include the bosonic part of the anomaly term associated with magnetic field 
here (last term in the first fine), see Sect. 3.4.2. 

The above expression is an operator equality. In the low-energy limit, the 
Seiberg-Witten exact solution allows one to obtain the full matrix element 
of the operator on the right-hand side (which includes all perturbative and 
non-perturbative corrections) by replacing a by a^. 

The fermion part of the anomalous term plays a crucial role in the Higgs 
phase for the confined monopole. On the Coulomb branch it does not con- 
tribute to the mass of the monopole due to a fast fall off of the fermion 
fields at infinity. On the Coulomb branch the bosonic anomalous terms be- 
come important. The relationship between the 't Hooft-Polyakov monopole 
mass and the M — 2 central charge is analyzed in [38] , which identifies an 
anomaly in the central charge explaining a constant (i.e. non-logarithmic) 
term in the monopole mass on the Coulomb branch. The result of Ref. [38] 
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is in agreement with the Seiberg-Witten formula for the monopole mass. In 
Sect. 3.4.2 we presented the operator form of the central charge anomaly. 
Note, that the coefficient in front of fermionic term involving A-fermions in 
(4.5.23)coincides with the one in (3.4.20) obtained by supersymmetrization 
of the bosonic anomalous term. 

4.6 Two-dimensional kink and four- dimensional Seiberg- 
Witten solution 

Why the 't Hooft-Polyakov monopole mass (i.e. that on the Coulomb branch 
at ^ = 0) is given by the same formula (4.5.7) as the mass (4.5.13) of the 
strongly confined large-^ monopole (subject to condition ^ Am)? 

This fact was noted in Sect. 4.5.2. Now we will explain the reason lying 
behind this observation [119, 120]. En route, wc will explain another striking 
observation made in Ref . [30] . A remarkably close parallel between the four- 
dimensional Yang-Mills theory with Nf — 2 and the two-dimensional CP(1) 
model was noted, at an observational level, by virtue of comparison of the 
corresponding central charges. The observation was made on the Coulomb 
branch of the Seiberg-Witten theory, with unconfined monopoles/dyons of 
the 't Hooft-Polyakov type. Valuable as it is, the parallel was quite puzzling 
since the solution of the CP(1) model seemed to have no physics connection 
to the Seiberg-Witten solution. The latter gives the mass of the unconfined 
monopole in the Coulomb regime at ^ = while the CP(1) model emerges 
only in the Higgs regime of the bulk theory. 

We want to show, that the reason for the correspondence mentioned above 
is that in the BPS sector (and only in this sector) the parameter ^, in fact, 
does not appear in relevant formulae. Therefore, one can vary ^ at will, in 
particular, making it less than |Am| or even tending to zero, where CP(1) 
is no more the string worldsheet theory for our bulk model. Nevertheless, 
the parallel expressions for the central charges and other BPS data in four 
dimensions and two dimensions, trivially established at |Am| ^ ^, will con- 
tinue to hold even on the Coulomb branch. The "strange coincidence" we 
observed in Sect. 4.5.2 is no accident. We deal with an exact relation which 
stays valid including both perturbative and non-perturbative corrections. 

Physically the monopole in the Coulomb phase is very different from 
the one in the confinement phase, see Fig. 10. In the Coulomb phase it is 
a 't Hooft-Polyakov monopole, while in the confinement phase it becomes 
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related to a junction of two non-Abelian strings. Still let us show that the 
masses of these two objects are given by the same expression, 

Ti^Coulomb n ^-confinement 

provided that Am and the gauge couplings are kept fixed. The superscripts 
refer to the Coulomb and monopole- confining phases, respectively. 

The crucial observation here is that the mass of the monopole cannot 
depend on the FI parameter ^. Start from the monopole in the Coulomb 
phase at ^ = 0. Its mass is given by the exact Seiberg-Witten formula [3] 




(4.6.2) 



where a|, is the dual Seiberg-Witten potential for the SU(2) gauge group. 
We take into account the fact that for Nf — 2 the first coefficient of the P 
function is 2. 

In Eq. (4.6.2) = —Am/ \/2 is the argument of a|), the logarithmic term 
takes into account the one-loop result (4.1.19) for the SU(2) gauge coupling 
at the scale Am, while the power series represents instanton- induced terms 
— small corrections at large a. 

Now, if we switch on a small FI parameter ^ 7^ in the theory, on 
dimensional grounds we could expect corrections to the monopole mass in 
powers of v/^/Asu(2) and/or v^/Am in Eq. (4.6.2). 

But ... these corrections are forbidden by the U{1)r charges. Namely, the 
U(l)i{ charges of Asu(2) and Am are equal to 2 (and so is the U(l)i? charge of 
the central charge under consideration) while ^ has a vanishing U(1)r charge. 
For convenience, the U(l)ij charges of different fields and parameters of the 
microscopic theory are collected in Table 2. Thus, neither (V^/-^su(2))*^ nor 
(v^/Am)*' can appear. 

By the same token, we could start from the confined monopole at large 
^, and study the dependence of the monopole (string junction) mass as a 
function of ^ as we reduce ^. Again, the above arguments based on the U(l)ij 
charges tell us that no corrections in powers of ^sv{2)/VC ^^d Am/vT can 
appear. This leads us to Eq. (4.6.1). 



(4.6.1) 
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Field / parameter 


a 


a" 


A" 


(1 


^° 


rriA 






U(l)ij charge 


2 


2 


1 





-1 


2 


2 






Table 2: The 11(1)^ charges of fields and parameters of the bulk theory. 

Another way to arrive at the same conclusion is to observe that the 
monopole mass depends on a (anti)holomorphically, cf. Seiberg-Witten's 
formula (4.6.2). Thus, it cannot depend on the FI parameter ^ which is not 
holomorphic (it is a component of the 811(2)^^ triplet [114, 35]). 

Now let us turn to the fact that the mass of the monopole in the confine- 
ment phase is given by the kink mass in the CP(1) model, see (4.5.16). In 
this way we obtain 

^Coulomb ^ ^confinement ^ ^^.^^ _ ^^^q ^,) 

In particular, at one loop, the kink mass is determined by renormalization 
of the CP(l)-model coupling constant /3, while the monopole mass on the 
Coulomb branch is determined by the renormalization of g^. This leads to 
the relation 

= Asu(2) 

between the two- and four- dimensional dynamical scales. It was noted earlier 
as a "strange coincidence," see Eq. (4.4.33). The first coefficient of the (3 
functions is two (A^" for generic N) for both theories. Now we know the 
physical reason behind this coincidence. 

Clearly, the above relation can be generalized (cf. [30, 120]) to cover the 
SU(iV) xU(l) case with Nj = N flavors on the four-dimensional side, and 
CP (A" — 1) sigma models on the two-dimensional side. 

This correspondence can be seen in more quantitative terms [30, 120]. 
Four-dimensional U(A^) SQCD with J\f — 2 and Nf — N flavors is described 
by the degenerate Seiberg-Witten curve 



2 1 

y =4 



N 



Y[{x + rhi) - A^u(jv) 



(4.6.4) 



in the special point (4.1.11) on the Coulomb branch which becomes a quark 
vacuum upon the ^ deformation. The periods of this curve give the BPS 
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spectrum of the two-dimensional CP{N — 1) model [30]. We quoted this 
spectrum for CP(1) in Eqs. (4.5.17) and (4.5.19). 

In fact, Dorey demonstrated [30] that the BPS spectra of the two-dimensio- 
nal CP{N — 1) model and four-dimensional SU(A^) SQCD coincide with each 
other if one chooses a point on the Coulomb branch corresponding to the 
baryonic Higgs branch defined by the condition '^uia — (in the SU(2) 
case the gauge equivalent choice is to set mi = 7712). 

At the same time, we observe that the BPS spectra of the massive states 
in the SU(2) and U(2) theories, respectively, coincide in the corresponding 
quark vacua upon identification of rriA of the SU(iV) theory with of the 
U(A'") theory. In particular, in the N = 2 case one must identify mi = m2 of 
the SU(2) theory with Am/2 of the U(2) theory. Note that that the vacuum 
(4.1.11) and (4.1.14) of the U(iV) theory is an isolated vacuum rather than 
a root of a Higgs branch. There are no massless states in the U(iV) bulk 
theory in this vacuum, see Sect. 4. 1.2 for more detail. 

Note also that the BPS spectra of both theories include not only the 
monopole/kink and "dyonic" states but elementary excitations with T = 
as well. On the two-dimensional side they correspond to elementary fields 
in the large Aitlab limit. On the four-dimensional side they correspond to 
non-topological (i.e. T — and q — ±1) BPS excitations of the string with 
masses proportional to ArriAB confined to the string. 

The latter can be interpreted as follows. Inside the string the squark 
profiles vanish, effectively bringing us into the Coulomb branch (^ = 0) where 
the W bosons and quarks would become BPS-saturated states in the bulk. 
Say, for = 2 on the Coulomb branch, the W boson and off-diagonal quark 
mass would reduce to Am. Hence, the T — BPS excitation of the string 
is a wave of such W bosons/quarks propagating along the string. One could 
term it a "confined W boson/quark." It is localized in the perpendicular but 
not in the transverse direction. What is important, it has no connection with 
the bulk Higgs phase W bosons, which are non-BPS and are much heavier 
than Am. Neither these non-topological excitations have connection to the 
bulk quarks of our bulk model, which are not BPS-saturated too. 

To conclude, let us mention that recently Tong compared [167] a con- 
formal theory with massless quarks and monopoles arising on the Coulomb 
branch of the four-dimensional M — 2 SQCD (upon a special choice of the 
mass parameters Am^B), at the so-called Argyres-Douglas point [166], with 
the twisted-mass-deformed two-dimensional CP(A^ — 1) model. The coinci- 
dence of the monopole and kink masses explained above ensures that the 
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CP(A'^ — 1) model flows to a non-trivial conformal point at these values of 
ArriAB- The scaling dimensions of the chiral primary operators in four- and 
two-dimensional conformal theories were shown to agree [167], a very nice 
result, indeed. 

4.7 More quark flavors 

In this section we will abandon the assumption Np = N and consider the 
theory (4.1.7) with more fundamental flavors, Np > N. In this case we have 
a number of isolated vacua such as (4.1.11), (4.1.14), in which N squarks out 
of Nf develop VEV's, while the adjoint VEV's are determined by the masses 
of these quarks, as in Eq. (4.1.11). 

Now, let us focus on the equal mass case. Then the isolated vacua coa- 
lesce, and a Higgs branch develops from the common root whose location on 
the Coulomb branch is given by Eq. (4.1.11) (with all masses set equal). The 
dimension of this branch is 4iV(iV/ — A^), see [128, 127]. The Higgs branch 
is non-compact and has a hyper-Kahler geometry [3, 128]. It has a compact 
base manifold defined by the condition 

f ^ = q''^ . (4.7.1) 

The dimension of this manifold is twice less than the total dimension of the 
Higgs branch, 2N{Nf - N), which implies 4 for Nf ^ 3 and 8 for Nf ^ A 
in the simplest N — 2 case. The BPS string solutions exist only on the base 
manifold of the Higgs branch. The flux tubes become non-BPS-saturated if 
we move in non-compact directions [162]. Therefore, we will limit ourselves 
to the vacua which belong to the base manifold. 

Those strings that emerge in multiflavor theories, i.e. Nf > N, (typi- 
cally on the Higgs branches) as a rule are are not conventional ANO strings. 
Rather, they become the so-called semilocal strings (for a comprehensive re- 
view see [132]). The simplest model where the semilocal strings appear is 
the Abelian Higgs model with two complex flavors 

S^H- /rf^a;|^F^^. + |V,/r + ^(|/r-C)^}, (4.7.2) 

where ^4 = 1, 2 is the flavor index. 

If { 7^ the scalar fields develop VEV's breaking the U(l) gauge group. 
The photon field becomes massive, together with one real scalar field. 
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In fact, for the particular choice of the quartic couphng made in Eq. (4.7.2) 
this scalar field has the same mass as the photon. Then the model (4.7.2) 
is the bosonic part of a supersymmetric theory; the flux tubes are BPS- 
saturated. The topological reason for the existence of the ANO flux tubes is 
that 

7ri[U(l)] = Z 

for the U(l) gauge group. On the other hand, in Eq. (4.7.2) we can go 
to the low-energy limit integrating out the massive photon and its scalar 
counterpart. This will lead us to a four-dimensional sigma model on the 
manifold 

l/P = e. (4.7.3) 

The vacuum manifold (4.7.3) has dimension 4 — 1 — 1 = 2, where we subtract 
one real condition mentioned above, as well as one phase that is gauged 
away. Thus, the manifold (4.7.3) represents a two-dimensional sphere 82- 
The low-energy limit of the theory (4.7.2) is the 0(3) sigma model. 
We remember that 

7r2[^2]=7ri[U(l)] = Z, 

and this is the topological reason for the existence of instantons in the two- 
dimensional 0(3) sigma model [163]. Uplifted in four dimensions the instan- 
tons become string- like objects (lumps). 

Just as the 0(3) sigma-model instantons, the semilocal strings possess 
two additional zero modes associated with its complexifled size modulus p in 
the model (4.7.2). Hence, the semilocal strings interpolate between the ANO 
strings and two-dimensional sigma-model instantons uplifted in four dimen- 
sions. At p = we have the ANO string while at p — > 00 the string becomes 
nothing but the two-dimensional instanton elevated in four dimensions. At 
generic p 7^ the semilocal string is characterized by a power fall-off of the 
proflle functions at infinity, instead of the exponential fall-off characteristic 
of the ANO string. 

Now, if we turn to our non-Abelian theory (4.1.7), we will see that the 
semilocal strings in this theory have "size" moduli in addition to the 2(A^ — 1) 
orientational moduli n^. The total dimension of the moduli space of the 
semilocal string was shown [117] to be 

2Nf^2 + 2{N - 1) + 2{Nf - N) , (4.7.4) 
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where the first, the second and the third term above correspond to the trans- 
lational, orientational and the size moduh. 

No study of geometry of the moduh space of the semilocal strings were 
carried out for quite some time due to infrared problems. It was known 
[164, 165] that the size zero modes are logarithmically non-normalizable in 
the infrared, as is the case for the sigma-model instantons in two dimensions. 
This problem was addressed in [168] where non-Abehan strings in the U(2) 
gauge theory were treated. The effective theory on the string worldsheet was 
shown to have the form 

5M=/3Mh. f dtdzl^idkS'^y + ldkPiAln—^, (4.7.5) 
J 14 ) \p\ dm 

where is the ll^-boson mass, see Eq. (4.1.16). The subscript i = 3, ■■■Nf, 
while Pi stand for {Nf—2) complex fields associated with the size moduli. The 
parameter 5m here measures small quark mass differences. It is necessary to 
introduce this infrared parameter, slightly lifting the size moduli pi, in order 
to regularize the infrared logarithmic divergence. 

The metric (4.7.5) is derived in [168] for large — but not too large — 
values of |pp = lying inside the window 

^ «H«i:- (4.7.6) 



Mw 5m 

The inequality on the left-hand side refers to the limit in which the semilocal 
string becomes an 0(3) sigma-model lump. The inequality on the right-hand 
side ensures the validity of the logarithmic approximation. The action (4.7.5) 
was obtained in the logarithmic approximation. 

For Pi's lying inside the window (4.7.6), with a logarithmic accuracy, one 
can introduce new variables 



Zi = Pi 



Mir In ^ 



^ 'p| 5m 



1/2 

(4.7.7) 



In terms of these new variables the metric of the worldsheet theory (4.7.5) 
was shown to become fiat [168]. Corrections to this fiat metric run in powers 
of 

and I In 



Mw \p\ \ \p\ 5m 
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These corrections have not yet been calculated within the field-theory ap- 
proach. 

On the other hand, the very same problem was analyzed from the D-brane 
theory side. Using brane-based arguments Hanany and Tong conjectured 
[117, 120] (see also Ref. [137]) that the effective theory on the worldsheet 
of the non-Abelian semilocal string is given by the strong-coupling limit 
(e^ oo) of the following two-dimensional gauge theory: 



S = 



d'x <! 2/3 I VfenY + 2/3 \VkZi\' + —J^i + ^l^fe^^l 



+ 4/3 



mi 
x/2 



\n 



i\2 



+ 4^ 



a — 



mj 
72 



n 



1 



(4.7.8) 



where £ = 1, ...,N and i = N + 1, ■■■Nf. Furthermore, Zi denote {Nf — N) 
complex fields associated with the size moduli. The fields and Zi have the 
charges -|-1 and —1 with respect to the U(l) gauge field in Eq. (4.7.8). This 
theory is similar to the model (4.4.49) for the Nf — N non-Abelian string. 

The Hanany-Tong conjecture is supported by yet another argument. As 
was discussed Sect. 4.6, the BPS spectrum of dyons on the Coulomb branch 
of the four-dimensional theory must coincide with the BPS spectrum in the 
two-dimensional theory on the string worldsheet. We expect that this cor- 
respondence extend to theories with Nf > N. The two-dimensional theory 
(4.7.8) was studied in [169] where it was shown that its BPS spectrum agrees 
with the spectrum of four-dimcnsional U(A^) SQCD with Nf fiavors. In par- 
ticular, the one-loop coefficient of the f3 function is 2A^ — Nf in both theories. 
This leads to the identification of their scales, see Eq. (4.4.33). As a matter 
of fact, Ref. [169] deals with the SU(A^) theory at the root of the baryon 
Higgs branch, much in the same vein as [30]. However, as was explained in 
Sect. 4.6, the BPS spectra of the massive states in these four-dimensional 
theories are the same. 

The above argument shows that the two-dimensional theory (4.7.8) is a 
promising candidate for an effective theory on the semilocal string worldsheet. 
In particular, the metric in (4.7.8) is asymptotically flat. The variables Zi in 
(4.7.8) should be identified with the ones in Eq. (4.7.7) introduced within the 
field-theory framework in Ref. [168]. It is quite plausible that corrections to 
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the flat metric in powers l/{Mw \p\) are properly reproduced by the world- 
sheet theory (4.7.8). Nevertheless, the results of [168] clearly demonstrate 
the approximate nature of the worldsheet theory (4.7.8). Namely, correc- 
tions at large pi suppressed by large infrared logarithms (In (l/|p| 5m)y^ are 
certainly not captured in Eq. (4.7.8). 

The implication of the "semilocal nature" of the semilocal strings which 
is most important from the physical standpoint is the loss of the monopole 
confinement [162, 168] i.e. the loss of the Meissner effect. To study the 
monopole confinement as a result of the squark condensation we must con- 
sider a string of a finite length L stretched between a heavy probe monopole 
and antimonopole from the SU(iV+l) /SU(A^) x U(l) sector. The ANO string 
has a typical transverse size {g\/i)~^ ■ If L is much larger than this size the 
energy of this probe configuration is 

V(L)^TL, (4.7.9) 

where T is the string tension. The linear potential in Eq. (4.7.9) ensures 
confinement of monopoles. 

For semilocal strings this conventional picture drastically changes. Now 
the transverse string size can be arbitrarily large. Imagine a configuration 
in which the string size becomes much larger than L. Then we will clearly 
deal with the three-dimensional rather than two-dimensional problem. The 
monopole fiux is no longer trapped in a narrow fiux tube. Instead, it freely 
spreads over a large three-dimensional volume, of the size of order of L in all 
directions. Obviously, this will give rise to a Coulomb-type potential between 
the probe monopoles, 

V{L)r~.l/L, (4.7.10) 

possibly augmented by logarithms of L. At large L the energy of this config- 
uration is lower than the one of the fiux-tube configuration (4.7.9); therefore, 
it is energetically favorable. 

To summarize, semilocal strings can indefinitely increase their transverse 
size and effectively disintegrate, so that the linear potential (4.7.9) gives 
place to the Coulomb potential (4.7.10). In fact, lattice studies unambigu- 
ously show that the semilocal string thickness always increases upon small 
perturbations [170]. Formation of semilocal strings on the Higgs branches 
leads to a dramatic physical effect — deconfinement. 
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4.8 Non-Abelian /c-strings 



In this section we will briefly review how multi-strings, with the winding 
number A; > 1, can be constructed. One can consider them as bound states 
of k BPS elementary strings. The Bogomol'nyi representation (4.2.9) implies 
that the tension of the EPS-saturated /c-string is determined by its total U(l) 
flux, 2nk. This entails, in turn, that in J\f = 2SQCD, see Eq. (4.1.7), the 
/c-string tension has the form (4.1.7) 



Equation (4.8.1) implies that the elementary strings that form composite 
/c-strings do not interact. 

If one considers k elementary strings, forming the given /c-string, at large 
separations the corresponding moduli space obviously factorizes into k copies 
of the moduli spaces of the elementary strings. This suggests that the di- 
mension of the total moduli space is 



see (4.7.4). The total dimension is written as a sum of dimensions of the 
translational, orientational and size moduli spaces. This result was con- 
flrmed by the Hanany-Tong index theorem [117] which implies (4.8.2) at any 
separations. The moduli space of well separated elementary strings forming 
the given /c-string, say, a.t Nf ~ N is 

[CxCP(7V-i)]'= 



where Sk stands for permutations of the elementary string positions. 

An explicit solution for a non-Abclian 2-string at zero separation in the 
simplest bulk theory with = Nf = 2 was constructed in [171]. It has 
a peculiar feature. If the orientation vectors of the two strings and 5*1 
are opposite, the composite 2-string becomes an Abelian ANO string. It 
carries no non-Abelian flux. Therefore, S\J{2)c+f rotations act trivially on 
this particular string. This means that the internal moduli space of this 
string is singular [172, 171]. The section of the orientational moduli space 
corresponding to Si = —5*2 degenerates into a point. In [171] it was argued 
that the internal moduli of the 2-string at zero separation is equivalent to 



(4.8.1) 



2kNf = 2k + 2k{N - 2) + 2k{Nf - N) , 



(4.8.2) 
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CP(2)/Z2. This differs by a discrete quotient from tlic result CP(2) obtained 
in [172]. Later results obtained in [174, 175] confirm the CP(2)/Z2 metric. 

The metric on the /c-string moduli space for generic k is not known. For 
Abelian /c-strings exponential corrections to the flat metric were calculated 
in [173]. Exponentially small corrections are natural since in this case the 
vortices are characterized by an exponential fall off of their profile functions 
at large distances. 

Hanany and Tong exploited [117, 120] a D-brane construction to obtain 
the /c-string metric in terms of the Higgs branch of a two-dimensional gauge 
theory, see (4.4.49) and (4.7.8). What they came up with is an jV = 2 
supersymmetric U(A;) gauge theory with fundamental and {Nf — N) anti- 
fundamental flavors and pi, respectively, {i = 1, ...,N and i = N, ...,Nf), 
plus an adjoint chiral multiplet Z. The D-term condition for this theory is 

l^[Z,Z]+n%-pip'^l. (4.8.4) 

The metric defined by this Higgs branch has corrections to the factorized 
metric which run in (inverse) powers of separations between the elementary 
strings. Thus, it exhibits a dramatic disagreement with the field-theory ex- 
pectations. Still the metric is beheved [117, 120, 13, 14] to correctly reproduce 
some data protected by supersymmetry, such as the BPS spectrum. 

To derive all moduli of the general A;-string solution the so-called moduli 
matrix method was developed in [176]. It was observed that the substitution 

(f^S{z,z)Ho{z), Ai + iA2^S-^d,S, (4.8.5) 

solves the last of the first-order equations (4.2.10). Here z — Xi + 1x2 and 
Hq is an A^ X Nf matrix with a holomorphic dependence on z. 

Then the equations for the gauge field strength in (4.2.10) yield an equa- 
tion on S{z^ z) which is rather hard to solve in the general case. It was 
argued, however, that the factor S involves no new moduli parameters [176]. 
Therefore, all moduli parameters reside in the moduli matrix Hq{z). Deter- 
mining Hq{z) gives one a moduli space which agrees with the moduli space 
corresponding to the Higgs branch (4.8.4). 

4.9 A physical picture of the monopole confinement 

In this section we will return to our basic M — 2 SQCD with the U(A'^) gauge 
group and Nf — N flavors (4.1.7) and discuss an emerging physical picture 
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of the monopole confinement. As was reviewed in detail in Sect. 4.5, ele- 
mentary confined monopoles can be viewed as junctions of two elementary 
strings. Therefore, the physical spectrum of the theory includes monopole- 
antimonopole "mesons" formed by two elementary strings in a loop configu- 
ration shown in Fig. 11. 

If spins of such "mesons" of order one, their mass is of the order of the 
square root of the string tension y^. Deep in the quantum non-Abelian 
regime (m' = 0), the CP(A^ — l)-model strings carry no average SU(A^) 
magnetic flux [144], 

(n^) = 0, (4.9.1) 

see Eq. (4.4.4). What they do carry is the U(l) magnetic flux which deter- 
mines their tension. 




Figure 11: Monopole and antimonopole bound into a "meson." The binding is 
due to strings. Open and closed circles denote the monopole and antimonopole, 
respectively. 

Monopoles are seen in the worldsheet theory as CP(A^ — 1) kinks. At 
m' = they become non-Abelian too, much in the same way as strings. 
They carry no average SU(A^) magnetic flux. (Unlike strings, even in the 
classical regime they do not carry the U(l) magnetic flux, see (4.5.1).) 

Moreover, the monopoles acquire global flavor quantum numbers. We 
know that the CP(A^ — 1) model kinks at strong coupling are described by 
the flelds [144, 145] and, therefore, in fact, they belong to the funda- 
mental representation of the global SU(A^)c+ir group. This means that the 
monopole-antimonopole "mesons" formed by the string conflguration shown 
in Fig. 11 can belong either to singlet or to adjoint representations of the 
global "flavor" group SU(A^)c+F5 in full accordance with our expectations. 

Singlets resemble glueballs. In weakly coupled bulk theory {gf <^ 1) the 
singlet mesons can decay into massive vector multiplets formed by gauge and 
quark flelds, with mass (4.1.17), see Sect. 4.1.2. The monopole-antimonopole 
mesons with the adjoint flavor quantum numbers are also metastable in 
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weakly coupled bulk theory ((yf| <^ 1), they decay into massive gauge/quark 
multiplcts which carry the adjoint quantum numbers with respect to the 
global unbroken SU(A^)c+f group and have masses determined by Eq. (4.1.16) 
Two elementary strings of the monopole-antimonopole meson shown in 
Fig. 11 can form a non-BPS bound state. Hence, in practice the composite 
meson looks as if the monopole was connected to the antimonopole by a 
single string. In fact, there are indications that this is what happens in the 
theory at hand. Interactions of elementary Z2 strings were studied in [127] 
in the simplest case N = 2. An interaction potential for the elementary Z2 
strings with S°- = (0, 0, +1) and S"' — (0, 0, —1) was found to be attractive 
at large distances. 



where R stands for the distance between two parallel strings. The gauge bo- 
son mass is given in Eq. (4.1.16). This attractive potential leads to formation 
of a bound state a composite string. 

Note that we have N distinct elementary strings. As was discussed in 
Sect. 4.4.3, elementary strings differ from each other in quantum regime by 
the value of the bifermion condensate of the CP(A^— 1) model fermions [141]. 
Therefore, the physical picture of the monopole confinement is not absolutely 
similar to what we expect in QCD, see the discussion in the beginning of this 
section. Namely, we have A^ different degenerate "mesons" ( at A^ > 2) of 
the type discussed above, associated with A^ different elementary strings. 

In QCD (and in nature) we have instead a single meson with the given 
quantum numbers, plus its radial excitations which have higher masses. This 
is typical for BPS strings in supersymmetric gauge theories. We will see in 
Sect. 6 that in non-supersymmetric theories the situation is different: el- 
ementary strings are split and, therefore, different "mesons" become split 
too. 

In addition to the "mesons" and gauge/quark multiplets, the physical 
spectrum contains also "baryons" built of A^ elementary monopoles connected 
to each other by elementary strings forming a closed "necklace configuration," 
see Fig. 12a. In the classical limit iv} ^ A^ all strings carry the SU(A") 
magnetic fluxes given by 




(4.9.2) 




(4.9.3) 
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with = 5"°, Iq — 1,...,N for N elementary strings forming the "baryon." 
The monopoles carry the SU(A^) magnetic fluxes given in Eq. (4.5.1) and, 
therefore, can be located at the corners of the polygon in Fig. 12a. 




o 



a b 

Figure 12: a). A schematic picture of the "baryon" formed by monopoles and 
strings for N = 6; b). The "baryon" acquires the shape of a star once the neigh- 
boring strings form non-BPS bound states. 

In highly quantum regime, at m' = 0, both strings and monopoles carry 
no average SU(A^) magnetic flux, see (4.9.1). The confined monopoles are 
seen as kinks interpolating between the "neighboring" quantum vacua of the 
CP(A^ — 1) model (a.k.a. strings) in the closed necklace configuration in 
Fig. 12a. 

As was mentioned, the monopoles/kinks acquire flavor global quantum 
numbers. They become fundamentals in S\J{N)c+f- Thus, the "baryon" is 
in the 

n(^) 

1 

representation of SI]{N)c+f- Note that both quarks and monopoles do not 
carry baryon numbers. Therefore, our "baryon" has no baryon number too. 
The reason for this is that the U(l) baryon current is coupled to a gauge boson 
in the U(A^) gauge theory that we consider here. This means, in particular, 
that the "baryons" can decay into the monopole "mesons" or gauge/quark 
multiplets. 

We mentioned that the "neighboring" elementary strings can form a non- 
BPS bound state, a composite string. It is plausible then that in practice the 
monopole "baryon" actually resembles a conflguration shown in Fig. 12b. 

Let us emphasize that all states seen in the physical spectrum of the 
theory are gauge singlets. This goes without saying. While color charges 
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of the gauge/quark multiplets are screened by the Higgs mechanism, the 
monopoles are confined by non-AbeUan strings. 

Let us also stress in conclusion that in the limit m' = the global group 
SU(A^)c+F is restored in the bulk and both strings and confined monopoles 
become non-Abelian. One might argue that this restoration could happen 
only at the classical level. One could suspect that in quantum theory a 
"dynamical Abelization" ( i.e. a cascade breaking of the gauge symmetry 
U(iV)^U(l)^ discrete subgroup ) might occur. This could have happened 
if the adjoint VEV's that are classically vanish at = (see (4.1.11)) could 
have developed dynamically in quantum theory. 

At m' 7^ the global SU{N)c+f group is exphcitly broken down to 
U(l)^~^ by quark masses. At = this group is classically restored. If 
it could be proven to be dynamically broken at m' = 0, this would mean 
a spontaneous symmetry breaking, with obvious consequences, such as the 
corresponding Goldstone modes. 

We want to explain why this cannot and does not happen in the theory 
at hand. First of all, if a global symmetry is not spontaneously broken at 
the tree level then it cannot be broken by quantum effects at week coupling 
in "isolated" vacua. Second, if the global group SU {N)c+f were broken 
spontaneously at = this would ensure the presence of massless Goldstone 
bosons. However, we know that there are no massless states in the spectrum 
of the bulk theory, sec Sect. 4.1. 

Finally, the breaking of SU(A^)c+i? in the m' = limit would mean that 
the twisted masses of the worldsheet CP(A^ — 1) model would not be given 
by mf; instead they would be shifted, 

i^{tw) ^rh^ + c'Acp(Ar-i) , 

where c' are some coefficients. In Sect. 4.6 it was shown [119, 120] that the 
BPS spectrum of the CP(A^ — 1) model on the string should coincide with the 

BPS spectrum of the four-dimensional bulk theory on the Coulomb branch. 
The BPS spectrum of the CP(A^ — 1) model is determined by ^Ti'^^-) while the 
BPS spectrum of the bulk theory on the Coulomb branch is determined by 
fh}. In [30] it was shown that the BPS spectra of both theories coincide at 
'^\tw) = Thus, we conclude that = 0, and the twisted masses vanishes 
in the m!' = limit. 

Hence, the global SU(A^)c+i? group is not broken in the bulk and both 
strings and confined monopoles become non-Abelian at fh} = 0. 
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5 Less supersymmetry 



Let us move towards less supersymmetric theories. In this section we will 
review non-Abelian strings in four-dimensional gauge theories with Af — 1. 
In Sect. 6 we will deal with J\f — 0. 

As was discussed in the beginning of Sect. 4, the Seiberg-Wittcn mecha- 
nism of confinement [2, 3] rehes on a cascade gauge symmetry breaking: the 
non-Abelian gauge group breaks down to an Abelian subgroup at a higher 
scale by condensation of the adjoint scalars, and at a lower scale the Abelian 
subgroup breaks down to a discrete subgroup by condensation of quarks ( or 
monopoles depending on the type of vacuum considered). This leads to for- 
mation of the ANO fiux tubes and ensures an Abelian nature of confinement 
of the monopoles ( or quarks respectively). 

On the other hand, non-supersymmetric QCD-like theories as well as 
M —1 SQCD have no adjoint scalars and, as a result, no cascade gauge 
symmetry breaking occurs. Confinement in these theories is beheved to be 
essentially non-Abelian. This poses a problem of understanding confinement 
in theories of this type. Apparently, a straightforward extrapolation of the 
Seiberg-Witten confinement scenario to these theories does not work. 

The discovery of the non-Abehan strings [117, 118, 119, 120] suggests a 
novel possibility of solving this problem. In the jV = 2 gauge theory (4.1.7) 
the SU(A^) subgroup of the U(A^) gauge group remains unbroken after con- 
densation the vacuum expectation value (a") = 0, see (4.1.11). This circum- 
stance demonstrates that the formation of the non-Abelian strings does not 
rely on the presence of adjoint VEV's. This suggests, in turn, that we can 
give masses to the adjoint fields, make them heavy, and eventually decou- 
pling the adjoint fields altogether, without loosing qualitative features of the 
non-Abelian confinement mechanism reviewed previously. 

This program — moving towards less supersymmetry — was initiated 
in Ref. [177] which we will discuss in this section. In [177] we considered 
M — 2 gauge theory (4.1.7), with the gauge group U(iV). This theory was 
deformed by a mass term /i for the adjoint matter fields breaking M = 2 
supersymmetry down to N = 1. The breaking terms do not affect clas- 
sical solutions for the non-Abelian strings. The latter are still 1/2 BPS- 
saturated. However, at the quantum level the strings "feel" the presence of 
J\f — 2 supersymmetry breaking terms. Effects generated by these terms first 
show up in the sector of the fermion zero modes. 

If the adjoint mass parameter is kept finite, the non-Abelian string in 
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the Af — 1 model at hand is well defined and supports confined monopoles. 
However, at ^ oo, as the adjoint supcrficld becomes very heavy — we 
approach the limit of A/" = 1 SQCD — an infrared problem develops. This is 
due to the fact that in A/" = 1 SQCD defined in a standard way the vacuum 
manifold is no longer an isolated point. Rather, a fiat direction develops (a 
Higgs branch). The presence of the massless states obscure physics of the 
non-Abelian strings. In particular, the strings become infinitely thick [177]. 
Thus, one arrives at a dilemma: either one must abandon the attempt to 
decouple the adjoint superfield, or, if this decoupling is performed, confining 
non-Abehan strings cease to exist [177]. 

A way out was suggested recently in [97] . A relatively insignificant mod- 
ification of the benchmark J\f = 2 model takes care of the infrared problem. 
All we have to do is to add a neutral meson superfield M coupled to the 
quark superfields through a superpotential term. Acting together with the 
mass term of the adjoint superfield, M breaks Af — 2 down to Af = 1 . The 
limit /X — > oo in which the adjoint superfield completely decouples, becomes 
well defined. No fiat directions emerge. The limiting theory is A/" = 1 SQCD 
supplemented by the meson superfield. It supports non-Abelian strings. The 
junctions of these strings present confined monopoles, or, better to say, what 
becomes of the monopoles in the theory where there are no adjoint scalar 
fields. There is a continuous path following which one can trace the monopole 
evolution in its entirety: from the 't Hooft-Polyakov monopoles which do not 
exist without the adjoint scalars to the confined monopoles in the adjoint- free 
environment. 

5.1 Breaking Af = 2 supersymmetry down to J\f = 1 

In Sect. 5.1 we will outline main results of Ref. [177] where non-Abelian 
strings were considered in an A/" = 1 gauge theory obtained as a deformation 
of the A/" = 2 theory (4.1.7) by mass terms of the adjoint matter. 

5.1.1 Deformed theory and string solutions 

Let us add a superpotential mass term to our Af — 2 SQCD, 




(5.1.1) 
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where fii and /i2 are mass parameters for the chiral superfields belonging to 
jV — 2U(1) and SU(A^) gauge supermultiplets, respectively, while the factor 

/iV • • „i.,j„j r ; r^-i 1.. ;i „ i /c 1 i \ „„i:-i-„ j-i 



Y is included for convenience. Clearly, the mass term (5.1.1) splits these 
supermultiplets, breaking M = 2 supersymmetry down to A/" = 1 . 

The bosonic part of the SU(7V) xU(l) theory has the form (4.1.7) with 
the potential 



+ ^|2g^TV + \/2/^2a'^|' + ^|gV + \/iV/.ia 



1 ^ 

+ 2E{i(«+2W)/r 

A=l 

+ |(a + 2W)^^|'} , (5.1.2) 

where the sum over repeated flavor indices A is implied. The potential (5.1.2) 
differs from the one in (4.1.9) in two ways. First, we use SU(2)ij invariance 
of the original jV = 2 theory with the potential (4.1.9) to rotate the FI term. 
In Eq. (5.1.2) it is the FI D term, while in Sect. 4 we considered the FI F 
term. 

Second, there are M = 2 supersymmetry breaking contributions from F 
terms in Eq. (5.1.2) proportional to the mass parameters fii and ^2- Note 
that we set the quark mass differences at zero and redefine a to absorb the 
average value of quark masses. 

As in Eq. (4.1.9), the FI term triggers the spontaneous breaking of the 
gauge symmetry. The vacuum expectation values of the squark fields can be 
chosen as 

k = 1,...N, A^1,...N, (5.1.3) 
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while the adjoint field VEV's are 



(a")=0, (a) = 0, 



(5.1.4) 



see (4.1.11). 

We see that the quark VEV's has the color-fiavor locked form (see (4.1.14)) 
implying that the S\]{N)c+f global symmetry is unbroken in the vacuum. 
Much in the same way as in A/" = 2 SQCD, this symmetry leads to the emer- 
gence of the orientational zero modes of the Zn strings. 

Note that VEV's (5.1.3) and (5.1.4) do not depend on supersymmetry 
breaking parameters /ii and ii2- This is due to the fact that our choice of 
parameters in (5.1.2) ensures vanishing of the adjoint VEV's, see (5.1.4). In 
particular, we have the same pattern of symmetry breaking all the way down 
to very large /ii and fi2, where the adjoint fields decouple. As in A/" = 2 SQCD 
we assume \/^ ^ Asu(2) to ensure weak coupling. 

Now, let us discuss the mass spectrum in the M —1 theory at hand. Since 
both U(l) and SU(A'") gauge groups are broken by squark condensation, all 
gauge bosons become massive. Their masses are given in Eqs. (4.1.16) and 



To obtain the scalar boson masses we expand the potential (5.1.2) near 
the vacuum (5.1.3), (5.1.4) and diagonalize the corresponding mass matrix. 
Then, N"^ components of 2A^^ (real) component scalar field q^"^ are eaten by 
the Higgs mechanism for the U(l) and SU(A^) gauge groups, respectively. 
Other A^^ components arc split as follows: one component acquires mass 
(4.1.17). It becomes the scalar component of a massive M = 1 vector U(l) 
gauge multiplet. Moreover, N"^ — 1 components acquire masses (4.1.16) and 
become scalar superpartners of the SU(A^) gauge bosons in J\f — 1 massive 
gauge supermultiplets. 

Other 4A^^ real scalar components of fields QAk, a" and a produce the 
following states: two states acquire mass 



(4.1.17). 




(5.1.5) 



while the mass of other two states is given by 




(5.1.6) 



where 



are two roots of the quadratic equation 



(5.1.7) 
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for i — 1, where we introduced two A/" = 2 supersymmetry breaking parame- 
ters associated with the U(l) and SU(A^) gauge groups, respectively, 



52/^2 



(5.1.8) 




UJ2 = 



+ 



(5.1.9) 



'SU(Af) 



while the remaining 2{N'^ — 1) states become massive, with mass 



'SU(iV) 



52\/CA, 



(5.1.10) 



where A2 are two roots of the quadratic equation (5.1.7) for i — 2. Note that 
all states come either as singlets or adjoints with respect to the unbroken 



When the SUSY breaking parameters Ui vanish, the masses (5.1.5) and 
(5.1.6) coincide with the U(l) gauge boson mass (4.1.17). The corresponding 
states form a bosonic part of a long jV = 2 massive U(l) vector supermultiplet 
[35], see also Sect. 4.1.2. 

If cji 7^ this supermultiplet splits into a A/" = 1 vector multiplet, with 
mass (4.1.17), and two chiral multiplets, with masses (5.1.5) and (5.1.6). 
The same happens with the states with masses (5.1.9) and (5.1.10). With 
vanishing a;'s they combine into bosonic parts of (A^^ — 1) N — 2 vector 
supermultiplets with mass (4.1.16). If cuj 7^ these multiplets split into 
(A^^ — 1) M = 1 vector multiplets (for the SU(A^) group) with mass (4.1.16) 
and 2(A^^ — 1) chiral multiplets with masses (5.1.9) and (5.1.10). Note that 
the same splitting pattern was found in [35] in the Abelian case. 

Now let us take a closer look at the spectrum obtained above in the limit 
of large J\f — 2 supersymmetry breaking parameters cui, cui ':$> 1. In this limit 
the larger masses mtf-^^ and iTitYjfj^) become 



In the limit /Xj — > cxd these are the masses of the heavy adjoint scalars a and 
a". At (Ji^ 1 these fields decouple and can be integrated out. 



SU(iV)c+F. 




m, 
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The low-energy theory in this hmit contains massive gauge J\f — 1 multiplets 
and chiral multiplets with the lower masses m~. Equation (5.1.7) gives for 
these masses 

_mu(i)_ /iVe _msu(2)_e ....2) 

In particular, in the limit of infinite /ij these masses tend to zero. This 
reflects the presence of a Higgs branch in A/" = 1 SQCD. To sec the Higgs 
branch and calculate its dimension, please, observe that our theory (4.1.7) 
with the potential (5.1.2) in the hmit //j — > 00 flows to jV' = 1 SQCD with 
the gauge group SU(iV) xU(l) and the FI D term. The bosonic part of the 
action of the latter theory is 

(5.1.13) 

All F terms disappear in this limit, and we are left only with the D terms. 
We have 4A^^ real components of q and q fields while the number of the D 
term constraints in (5.1.13) is A^^. Moreover, A^^ phases are eaten by the 
Higgs mechanism. Thus, dimension of the Higgs branch in Eq. (5.1.13) is 

The vacuum (5.1.3) corresponds to the base point of the Higgs branch 
with q — 0. In other words, flowing from J\f — 2 theory (4.1.7), we do not 
recover the entire Higgs branch of A/" = 1 SQCD. Instead, we arrive at a 
single vacuum — a base point of a Higgs branch. 

The scale of AA= ISQCD 

AAr=i 

^^SU(iV) 

is expressed in terms of the scale Asu(Ar) of the deformed A/" = 2 theory as 
follows: 

(A^utiv))''' = /^^Aru(iv)- (5.1.14) 
To keep the bulk theory at weak coupling in the limit of large /li we assume 
that 

a/C » Altiv) ■ (5-1-15) 



134 



Now, considering the theory (4.1.7) with the potential (5.1.2), let us re- 
turn to the case of arbitrary fii and discuss non-Abehan string solutions. 
BPS-saturation is maintained. By the same token as for the BPS strings in 
A/" = 2 we use the ansatz 

The adjoint fields are set to zero. Note that Eq. (5.1.16) is an SU(2)i^-rotated 
version of (4.2.1). The FI F term considered in Sect. 4 is rotated into the FI 
D term in (5.1.2). 

With these simplifications the M = 1 model (4.1.7) with the potential 
(5.1.2) reduces to the model (4.2.2) which was exploited in Sect. 4 to obtain 
non-Abelian string solutions. The reason for this is that the adjoint fields 
play no role in the string solutions, and we let them vanish, see Eq. (5.1.4). 
Then A/" = 2 breaking terms vanish, and the potential (5.1.2) reduces to the 
one in Eq. (4.1.9) (up to an SU(2)/j rotation). 

This allows us to parallel the construction of the non-Abelian strings 
carried out in Sect. 4.3. In particular, the elementary string solution is 
given by Eq. (4.4.4). Moreover, the bosonic part of the worldsheet theory is 
nothing but the CP(A^ — 1) sigma model (4.4.9), with the coupling constant 
/? determined by the coupling g2 of the bulk theory via Eq. (4.4.15) at the 
scale y^. The latter scale plays the role of the UV cutoff in the worldsheet 
theory. 

At small values of the deformation parameter, 

the coupling constant g2 of the four-dimensional bulk theory is determined 
by the scale Asu(iv) of the jV = 2 theory. Then Eq. (4.4.15) imphes (see 
(4.4.33)) 

A, = Asu(Ar), (5.1.17) 

where we take into account that the first coefficient of the (3 function is 
N both in the M = 2 limit of the four-dimensional bulk theory and in the 
two-dimensional CP(A^ — 1) model, see (4.4.32). 
Instead, in the limit of large ^2, 

» Ve, 
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the coupling constant g2 of the bulk theory is determined by the scale A'^^^^ 
of ISQCD (5.1.13), see (5.1.14). In this limit Eq. (4.4.15) gives 




(5.1.18) 



where we take into account the fact that the first coefficient of the (3 function 
in = 1 SQCD is 2N. 

5.1.2 Limits of applicability 

As was discussed above, both the string solution and the bosonic part of the 
worldsheet theory for the non-Abclian strings in A/" = 1 with the potential 
(5.1.2) are identical to those in A/" = 2 . However, the occurrence of the Higgs 
branch in the limit n ^ oo manifests itself at the quantum level [177]. At the 
classical level light fields appearing in the bulk theory in the large-^ limit do 
not enter the string solution. The string is "built" of heavy fields. However, 
at the quantum level couplings to the light fields lead to a dramatic effect: an 
effective string thickness becomes large due to long range tails of the string 
profile functions associated with the light fields. As a matter of fact, we 
demonstrated [177] that in the fermion sector this effect is seen already at 
the classical level. Some of the fermion zero modes on the string solution 
acquire long-range tails and become non-normalizable in the limit fi oo. 

Below we will estimate the range of validity of the description of non- 
Abelian string dynamics by the CP(A^ — 1) model (4.4.9). To this end let us 
note that higher derivative corrections to (4.4.9) run in powers of 



where A is the string transverse size (thickness). At small fi2 it is quite clear 
that A ~ 1/ . A typical energy scale on the string worldsheet is given by 
the scale A^^ of the CP(A'" — 1) model which, in turn, is given by (5.1.17) 
at small Thus, 5 — > A^ and higher-derivative corrections run in powers 
of Afj/ v^. At small H2 the higher-derivative corrections are suppressed by 
powers of A„/ <^ 1 and can be ignored. However, with fi2 increasing, 
the fermion zero modes acquire long-range tails [177]. This means that an 
effective thickness of the string grows. The thickness is determined by masses 
of lightest states (5.1.12) of the bulk theory. 



'fc, 



(5.1.19) 



A 



1 A*2 



(5.1.20) 
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AcP(l) An=1 M-i 

Figure 13: Relevant scale hierarchy in the limit ^2 S> . 

The higher-derivative terms are small if (AA,^) <^ 1. Substituting here the 
scale of the CP(A^ — 1) model given at large //2 by (5.1.18) and the scale of 
TV = 1 SQCD (5.1.14) we arrive at 

/i2«//;, (5.1.21) 

where the critical value of 112 is 



u; = -^ = — ^ 9- (5.1.22) 



If the condition (5.1.21) is met, the J\f = 2CP(iV — 1) model gives a good 
description of worldsheet physics. A hierarchy of relevant scales in our theory 
is displayed in Fig. 13. 

If we increase H2 above the critical value (5.1.22) the non-Abelian strings 
become thick and their worldsheet dynamics is no longer described by A/" = 
2CP(A^ — 1) sigma model. The higher-derivative corrections on the world- 
sheet explode. Note that the physical reason for the growth of the string 
thickness A is the presence of the Higgs branch in J\f — 1 SQCD. Although 
the classical string solution (4.4.19) retains a finite transverse size, the Higgs 
branch manifests itself at the quantum level. In particular, the fermion zero 
modes feel the Higgs branch and acquire long-range logarithmic tails. 



5.2 The M model 

In Sect. 5.1 we learned that the occurrence of the Higgs branch in A/" = 
1 SQCD obscures physics of the non-Abelian strings. Thus, it is highly de- 
sirable to get rid of the Higgs branch, keeping Af — 1 . This was done in [97] . 
Below we will review some results pertinent to the issue. 

To eliminate light states we will introduce a particular J\f = 2 breaking 
deformation in the U(A") theory with the potential (5.1.2). Namely, we uplift 
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the quark mass matrix (see Eq. (4.1.9) where this matrix is assumed to 
be diagonal) to the superfield status, 

and introduce the superpotential 

Wm^QMQ. (5.2.1) 

The matrix M represents A^^ chiral superfields of the mesonic type (they are 
color singlets). Needless to say, we have to add, in addition, a kinetic term 
for Mf , 

^Mkin = J d^xd'^ed^e ^TrMM, (5.2.2) 

where h is a new couphng constant (it supplements the set of the gauge 
couphngs). In particular, the kinetic term for the scalar components of M 
takes the form 

y d-^a; |i \d^M'\' + i |a^M"|'| , (5.2.3) 
where we use the decomposition 

M^^^SiM^ + {T^)i M" . (5.2.4) 

At /i = the matrix field M becomes sterile, it is frozen and in essence 
returns to the status of a constant numerical matrix. The theory acquires 
flat directions (a moduli space). With non- vanishing h these flat directions 
are lifted, and M is determined by the minimum of the scalar potential, see 
below. 

The uplift of the quark mass matrix to superfield is a crucial step which 
allows us to hft the Higgs branch which would develop in this theory in the 
large /i limit if M were a constant matrix. We will refer to this theory as to 
the M model. 
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The potential V{q^, qa, a", a, M°, M") of the M model is 



2 



\92 



+ 



^ (Tr - Tr g^ - iVC)' + ^ 2Tr gT"g + V2/X2a" 
o 2 




2 



+ 



+ 



(5.2.5) 



The two last terms here are F terms of the M field. In Eq. (5.2.5) we also 
introduced the FI D-term for the U(l) field, with the FI parameter ^. 

The FI term triggers the spontaneous breaking of the gauge symmetry. 
The VEV's of the squark fields and adjoint fields are given by (5.1.3) and 
(5.1.4), respectively, while the VEV's of M field vanish. 



The color-flavor locked form of the quark VEV's in Eq. (5.1.3) and the ab- 
sence of VEV's of the adjoint field a" and the meson fields in Eqs. (5.1.4) 
and (5.2.6) result in the fact that, while the theory is fully Higgsed, a diag- 
onal SU(A^)c+F symmetry survives as a global symmetry, much in the same 
way as in //-deformations ol M — 2 QCD. Namely, the global rotation 

q^UqU-\ a^'T'' ^Ua^T^U-^, M^U-^MU, (5.2.7) 

is not broken by the VEV's (5.1.3), (5.1.4) and (5.2.6). Here C/ is a matrix 
from SU(A^). As usual, this symmetry leads to the emergence of orientational 
zero modes of the Zj^ strings in the theory with the potential (5.2.5). 

At large /i one can readily integrate out the adjoint fields A"" and A. The 



{M") = 0, (M°) = . 



(5.2.6) 
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bosonic part of the action of the M model takes the form 



2 



2 



q2 

+ ^ (Trgg - Tr - A^^)^ + Tr|gMp + Tr|gM|2 
8 

+ ^ \Tr qqf + hlTrgT^qf^ . (5.2.8) 

The vacuum of this theory is given by Eqs. (5.1.3) and (5.2.6). The 

mass spectrum of elementary excitations over this vacuum consists of the 
M = 1 gauge multiplets for the U(l) and SU(A^) sectors, with masses given 
in Eqs. (4.1.16) and (4.1.17). In addition, we have chiral multiplets q and 
M, with masses 

mu(i) = \^ (5.2.9) 



for the U(l) sector, and 



"^su(iv) = YY (5.2.10) 



for the SU(A^) sector. 

It is worth emphasizing that there arc no masslcss states in the bulk 
theory. At /i = the theory with the potential (5.2.5) develops a Higgs 
branch in the large-// hmit (see Sect. 5.1). If /i 7^ 0, M becomes a fully 
dynamical field. The Higgs branch is lifted, as follows from Eqs. (5.2.9) and 
(5.2.10). 

The J\f = 1 SQCD with the M field, the M model, belongs to the class 
of theories introduced by Seiberg [178] to provide a dual description of con- 
ventional M — 1 SQCD with the SU(iVc) gauge group and Nf flavors of 
fundamental matter, where 

(for reviews see Refs. [179, 180]). There are significant distinctions, however. 
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Let us point out the main differences of the M model (5.2.8) from those 
introduced [178] by Sciberg: 

(i) The theory (5.2.8) has the U(A^) gauge group rather than SU(A^); 

(ii) It has the FI D term instead of a hnear in M superpotential in 
Seiberg's models; 

(iii) Following [97] we consider the case Nf = N which would correspond 
to Seiberg's A''^ = in the original SQCD. The theory (5.2.8) is asymp- 
totically free, while Seiberg's dual theories are most meaningful (i.e. have 
the maximal predictive power with regards to the original strongly coupled 
M — 1 SQCD) below the left edge of the conformal window, in the range 
Nf < (3/2) A^c, which would correspond to Nf > 3N rather than Nf = N. 
Note that at Nf > 3N the theory (5.2.8) is not asymptotically free and is 
thus uninteresting from our standpoint. 

In addition, it is worth noting that ai Nf > N the vacuum (5.1.3), (5.2.6) 
becomes metastable: supersymmetry is broken [181]. The Nc — Nf — N 
supersymmetry-preserving vacua have vanishing VEV's of the quark fields 
and a non- vanishing VEV of the M field ^o. The latter vacua are associated 
with the gluino condensation in pure SU(A^) theory, (AA) ^ 0, arising upon 
decoupling Nf flavors [179]. In the case Nf = N to which we limit ourselves 
the vacuum (5.1.3), (5.2.6) preserves supersymmetry. Thus, despite a con- 
ceptual similarity between Seiberg's models and ours, dynamical details are 
radically different. 

Now, it is time pass to solutions for non-Abelian BPS strings in the M 
model [97]. Much in the same way as in Sect. 5.1 we use the ansatz (5.1.16). 
Moreover, we set the adjoint fields and the M fields at zero. With these 
simphfications the Af — 1 model with the potential (5.2.5) reduces to the 
model (4.2.2) which we used previously in the original construction of the 
non-Abelian strings. 

In particular, the solution for the elementary string is given by (4.4.4). 
Moreover, the bosonic part of the effective worldsheet theory is again de- 
scribed by the CP(A'" — 1) sigma model (4.4.9) with the couphng constant 
(3 determined by (4.4.15). The scale of this CP(A'" — 1) model is given by 
Eq. (5.1.18) in the limit of large fi. 

To conclude this section let us note a somewhat related development: 
non-BPS non-Abelian strings were considered in metastable vacua of a dual 

^°This is correct for the version of the theory with ^-parameter introduced via superpo- 
tential. 
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description of = 1 SQCD at Nf > N in Ref. [182]. 



5.3 Confined non-Abelian monopoles 

Since supersymmetric CP(A'" — 1) model is an effective low-energy theory 
describing worldsheet physics of the non-Abelian string in the M model 
consequences of this model ensue, in particular, N degenerate vacua and 
kinks that interpolate between them, similar to the kinks that emerge in A/" = 
2 SQCD. These kinks are interpreted as (confined) non-Abelian monopoles 
[152, 119, 120], the descendants of the 't Hooft-Polyakov monopole (see 
Sect. 4.5). 

Let us discuss what happens with these monopoles as we deform our 
theory and eventually end up with the M model. It is convenient to split this 
deformation into several distinct stages. We will describe what happens with 
the monopoles as one passes from one stage to another. Some of these steps 
involving deformations of A/" = 2 QCD were already discussed in Sect. 4.5. 
Here we focus on deformations of A/" = 2 QCD leading to the M model. 

A qualitative evolution of the monopoles under consideration as a function 
of the relevant parameters is presented in Fig. 10. 

(i) We start from Af — 2 SQCD turning off the M — 2 breaking parameters 
h and //'s as well as the FI parameter in the potential (5.2.5), i.e. we start 
from the Coulomb branch of the theory, 

;ii = ;/2 = 0, /i = 0, ^ = 0, M^O. (5.3.1) 

As was explained in Sect. 5.2, the field M is frozen in this hmit and can take 
arbitrary values (the notorious fiat direction). The matrix plays the role 
of a fixed mass parameter matrix for the quark fields. As a first step let us 
consider the diagonal matrix M, with distinct diagonal entries, 

Mi = diag{Mi,...,M^}. (5.3.2) 

Shifting the field a one can always make = in the limit = 0. 

Therefore M° = 0. If all M^'s arc different the gauge group SU(A^) is broken 
down to U(l)(^-i) by a VEV of the SU(iV) adjoint scalar (see (4.1.11)), 

{a^)^-±5^Mi. (5.3.3) 



^^This statement is not quite correct. We will discuss supersymnietry of the effective 
worldsheet theory in Sect. 5.4. Fine details of worldsheet physics may slightly deviate 
from those one obtains in supersymmetric GP{N — 1). 
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Thus, as was already discussed in Sect. 4.5, there are 't Hooft-Polyakov 
monopoles embedded in the broken gauge SU(A^). Classically, on the Coulomb 
branch the masses of {N — 1) elementary monopoles are proportional to 

\iMA-MA+i)\/gl 

In the limit {Ma — Ma+i) the monopoles tend to become massless, 
formally, in the classical approximation. Simultaneously their size becomes 
infinite [105]. The mass and size are stabilized by highly quantum confine- 
ment effects. The monopole confinement occurs in the Higgs phase, at ^ 7^ 0. 

(ii) Now let us make the FT parameter ^ nonvanishing. This triggers 
the squark condensation. The theory is in the Higgs phase. We still keep 
J\f = 2 breaking parameters h and /x's vanishing, 

= = 0, /i = 0, Cy^O, M ^ 0. (5.3.4) 

The squark condensation leads to formation of the Zn strings. Monopoles 
become confined by these strings. As we discussed in Sect. 4.5 {N — 1) 
elementary monopoles become junctions of pairs of elementary strings. 
Now, if we reduce |AM^|, 

Acp(7v-i) < |AMa| < V?, (5.3.5) 

the size of the monopole along the string ~ \{Ma — Ma+i) becomes larger 
than the transverse size of the attached strings. The monopole becomes a 
bona fide confined monopole (the lower left corner of Fig. 10). At nonvanish- 
ing AM A the effective theory on the string worldsheet is CP(A'" — 1) model 
with twisted mass terms [152, 119, 120], see Sect. 4.4.4. Two Zn strings 
attached to a elementary monopole correspond to two "neighboring" vacua 
of the CP(A^ — 1) model. The monopole (aka the string junction of two Zn 
strings) manifests itself as a kink interpolating between these two vacua. 

(iii) Next, we switch off the mass differences AM a still keeping the J\f = 
2 breaking parameters vanishing, 

;ii=;i2 = 0, /i = 0, ^^0, M = 0. (5.3.6) 

The values of the twisted masses in CP(A'" — 1) model coincide with AMa 
while the size of the twisted- mass sigma-model kink/confined monopole is of 
the order of - \ {Ma - Ma+i) ■ 
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As we diminish AM^ approaching Acp(Ar_i) and then getting below Acp(Ar-i), 
the monopole size grows, and, classically, it would explode. This is where 
quantum effects in the worldsheet theory tak;e over. It is natural to refer 
to this domain of parameters as the "regime of highly quantum dynamics." 
While the thickness of the string (in the transverse direction) is ~ i'^^"^, the 
^-direction size of the kink representing the confined monopole in the highly 
quantum regime is much larger, ~ ■^cp(iv-i)' lower right corner in 

Fig. 10. 

In this regime the confined monopoles become truly non-Abelian. They 
no longer carry average magnetic flux since 

(n') = 0, (5.3.7) 

in the strong coupling limit of the CP(A'^— 1) model [144]. The kink/monopole 
belongs to the fundamental representation of the SU(A^)c+f group [144, 145]. 

(iv) Thus, with vanishing AAf4 we still have confined "monopoles" (inter- 
preted as kinks) stabilized by quantum effects in the worldsheet CP(A^ — 1) 
model. Now we can finally switch on the J\f = 2 breaking parameters Hi and 

K 

l_iiy^O, hy^O, ^7^0, M = 0. (5.3.8) 

Note that the last equality here is automatically satisfied in the vacuum, see 
Eq. (5.2.6). 

As was discussed in Sect. 5.2 the effective worldsheet description of the 
non-Abelian string is still given by a deformation of the supersymmetric 
CP(A'" — 1) model (for a more careful discussion of the worldsheet supersym- 
metry see Sect. 5.4). This model still has N vacua (Witten's index!) which 
should be interpreted as elementary non-Abelian strings in the quantum 
regime, with kinks interpolating between these vacua. These kinks should 
still be interpreted as non-Abelian confined monopoles/string junctions. 

Note that although the adjoint fields are still present in the theory (5.2.5) 
their VEV's vanish (see (5.1.4)) and the monopoles cannot be seen in the 
semiclassical approximation. They are seen solely as worldsheet kinks. Their 
mass and inverse size are determined by A^- which in the limit of large //j is 
given by Eq. (5.1.18). 

(v) At the last stage, we take the limit of large masses of the adjoint fields 
in order to eliminate them from the physical spectrum altogether, 

f^i^oo, hj^Q, ^^0, M = 0. (5.3.9) 
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The theory flows to = 1 SQCD extended by the M field. 

In this limit we get a remarkable result: although the adjoint fields are 
eliminated from our theory and the monopoles cannot be seen in any semi- 
classical description, our analysis shows that confined non-Abelian monopoles 
still exist in the theory (5.2.8). They are seen as kinks in the effective world- 
sheet theory on the non-Abelian string. 

(vi) The confined monopoles are in the highly quantum regime, so they 
carry no average magnetic fiux (see Eq. (5.3.7)). They are genuinely non- 
Abelian. Moreover, they acquire global fiavor quantum numbers. In fact, 
they belong to the fundamental representation of the global SU(iV)c+F group 
(see Refs. [144, 145] where this phenomenon is discussed in the context of 
the CP(iV - l)-model kinks). 

It is quite plausible that the emergence of these non-Abelian monopoles 
can shed light on mysterious objects introduced by Seiberg: "dual magnetic" 
quarks which play an important role in the description oi M = 1 SQCD at 
strong couphng [178, 179]. 

5.4 Fermionic sector of the worldsheet theory 

In this section we will discuss the fermionic sector of the low-energy effective 
theory on the worldsheet of the non-Abelian string in the M model, as well 

as supersymmctry of the worldsheet theory. First, we note that our string 
is 1/2 BPS-saturated. Therefore, in the M = 2 limit (with A/" = 2 breaking 
parameters /Xj and h vanishing) four supercharges out of eight present in 
the bulk theory are automatically preserved on the string worldsheet. They 
become supercharges in the CP(A'" — 1) model. 

For simplicity let us discuss the simplest case of = 2 thus limiting our- 
selves to the CP(1) model. Generalization to arbitrary A^ is rather straight- 
forward. The action of this model is given by (4.4.29) where we used the fact 
that CP(1) is equivalent to the 0(3) sigma model defined in terms of a unit 
real vector 5"", see (4.4.18). 

This model has two real bosonic degrees of freedom. Two real fermion 
fields xi X2 subject to constrains 

X?-S» = 0, xiS^'^O. (5.4.1) 

Altogether we have four real fermion fields in the model (4.4.29). 

What happens when we break M = 2 supersymmctry of the bulk model 
by switching on parameters and hi The 1/2 "BPS-ness" of the string 
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solution requires only two supercharges. However, as we will show below, 
the number of the fermion zero modes in the string background does not 
change. This number is fixed by the index theorem. Thus, the number of 
(classically) massless fermion fields in the worldsheet model does not change. 

It was shown in [177] that the (2,2) supersymmetric sigma model with 
the CP(iV — 1) target space does not admit (0,2) supersymmetric deforma- 
tions. Therefore, it was concluded in [177] that the world sheet theory has 
"accidental" supersymmetry enhancement. A similar phenomenon of super- 
symmetry enhancement was found earlier in [73] in the worldsheet theory on 
domain walls. 

While supersymmetry enhancement certainly takes place for domain walls, 
Edalati and Tong suggested [183] that on the string worldsheet (2,2) SUSY 
is ruined through a mixing of superorientational and supertranslational zero 
modes resulting in a "natural" un-enhanced (0,2) supersymmetry on the 
string worldsheet. It was shown [183] that the sigma model with the C x 
CP(1) target space does admit (0,2) supersymmetric deformations. It is not 
clear at the moment whether or not this mixing actually occurs in the M 
model. There are no general reasons that would forbid it. 

If it actually occurs then the worldsheet (0,2) supersymmetric C x CP(1) 
model must have a //-deformed four-fermion interaction of the form 

where c is an unknown coefficient. Also the first constraint in Eq. (5.4.1) 
must be replaced by 

X^5" = c/2(//2Ci + /i2Ci), (5.4.3) 

where Ci is the right-moving two-dimensional fermion field associated with 
the supertranslational zero modes. If the Edalati-Tong conjecture [183] is 
correct the four-fermion term disappears in the large-/! limit. To confirm 
or rule out this scenario one has to calculate the coefficient in front of the 
four-fermion term in (5.4.2). This is not a simple calculation, and the issue 
calls for further studies. 

In any case, the worldsheet supersymmetric model must have degener- 
ate vacua to be interpreted as A^ elementary strings of the bulk theory. This 
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number is protected by Witten's index and survives possible J\f — 2 breaking 
deformations. We used this fact in Sect. 5.3 to demonstrate the presence of 
kinks in the string worldsheet theory. The kinks which interpolate between 
these vacua are confined monopoles. Below we will show that the occurrence 
of four (4(iV — 1) in the general case) superorientational fermion zero modes 
on the non-Abelian strings follows from an index theorem. 



5.4.1 Index theorem 



In this section we will discuss an index theorem establishing the number of 
the fermion zero modes on the string. For definiteness we will consider the M 
model [97]. Similar theorems can be easily proved for ordinary A/" = 1 QCD 
(5.1.13) as well as for theories at intermediate /x's with potentials (5.1.2) or 
(5.2.5). They generalize index theorems obtained long ago for simple non- 
supersymmetric models [184]. 

The fermionic part of the action of the model (5.2.8) is 



'ferm 



+ 



^ X^lpX" + \\^\ + Tr [il:ifil:] + Tr [v^^^V^ 
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+ 



V2 



Tr 



g 2r» (A"V) - (V'A") 2T" q + (V'A") 2r» q-q2T'' (A^^/i) 



+ iTr 



qm + ii^qc) + m) + qm 



+ i 



Tr (^^I^i/jM + i/jjI^M^ | , 



(5.4.4) 



where the matrix color-fiavor notation is used for the matter fermions (ip"')''^ 
and {ip°')Ak, and the traces are performed over the color-flavor indices. More- 
over, C denotes the fermion component of the matrix M superfield, 



Ci=^SU' + {niC. (5.4.5) 

In order to find the number of the fermion zero modes in the background 
of the non-Abelian string solution (4.4.4) we have to carry out the following 
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program. Since our string solution depends only on two coordinates Xj (i = 
1, 2), wc can reduce our theory to two dimensions. Given the theory defined 
on the {xi,X2) plane we have to identify an axial current and derive the 
anomalous divergence for this current. In two dimensions the axial current 
anomaly takes the form 

ddi, ~ F* , (5.4.6) 

where F* — {l/2)eijFij is the dual U(l) field strength in two dimensions. 

Then, the integral over the left-hand side over the {xi,X2) plane gives us 
the index of the 2D Dirac operator u coinciding with the number of the 2D 
left-handed minus 2D right-handed zero modes of this operator in the given 
background field. The integral over the right-hand side is proportional to 
the string fiux. This will fix the number of the chiral fermion zero modes 
on the string with the given flux. Note that the reduction of the theory to 
two dimensions is an important step in this program. The anomaly relation 
in four dimensions involves the instanton charge F*F rather than the string 
fiux and is therefore useless for our purposes. 

The reduction of jV = 1 gauge theories to two dimensions is discussed in 
detail in [142] and here we will be brief. Following [142] we use the rules 

A"^(A-,A+), C"^(C-,C+). (5.4.7) 
With these rules the Yukawa interactions in (4.4.21) take the form 



'Yukawa 



jV2Tr 



-q{X-ip+ - + {'4'-^+ - '4'+X-)q + c.c. 



iTr 



g(V^_C+ - ^/^+C-) + (^-gC+ - V^+gC-) + c.c. , (5.4.8) 



where the color matrix A = (1/2)A + T'^A'^. 

It is easy to see that -Cvukawa is classically invariant under the chiral U(1)r 
transformations with the \J{1)r charges presented in Table 3. The axial 
current associated with this U(1)k is not anomalous [142]. This is easy to 
understand. In two dimensions the chiral anomaly comes from the diagram 
shown in Fig. 14. The U(l)ij chiral charges of the fields ijj and ijj are the 
same while their electric charges are opposite. This leads to cancellation of 
their contributions to this diagram. 



^Chirality is understood here as the two-dimensional chirahty. 
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Field 


^+ 




^+ 


^_ 


A+ 


A_ 


c+ 


C- 


9 




U(1)r charge 


-1 


1 


-1 


1 


-1 


1 


-1 


1 








U(l)^ charge 


-1 


1 


1 


-1 


-1 


1 


1 


-1 









Tabic 3: The U(l)ij and U(l)^ charges of fields of the two-dimensional reduction 
of the theory. 



It turns out that for the particular string solution we are interested in the 
classical two-dimensional action has more symmetries than generically, for 
a general background. To see this, please, note that the field q vanishes on 
the string solution (4.4.4), see (5.1.16). Then the Yukawa interactions (5.4.8) 
reduce to 



iV2Tr 



-g(A_'0+ - A+V-) 



iTr 



c.c. 



(5.4.9) 



The fermion interacts only with A's while the fermion if) interacts only 
with C,. Note also that the interaction in the last line in (5.4.4) is absent 
because M = on the string solution. This property allows us to introduce 
another chiral symmetry in the theory, the one which is relevant for the string 
solution. We will refer to this extra chiral symmetry as U(l)^. 





Figure 14: Diagram for the chiral anomaly in two dimensions. The solid lines 
denote fermions V'j the dashed line denotes photon, while the cross denotes 
insertion of the axial current. 

The U(l)^ charges of our set of fields are also shown in Table 3. Note that 
ip and ip have the opposite charges under this symmetry. The corresponding 
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current then has the form 



3ib 



^ - - + H 



(5.4.10) 



where the elhpses stand for terms associated with the A and C fields which 
do not contribute to the anomaly relation. 

It is clear that the U(l)^ symmetry is anomalous in quantum theory. The 
contributions of the fermions ip and ip double in the diagram in Fig. 14 rather 
than cancel. It is not difficult to find the coefficient in the anomaly formula 

dijis = —F* , (5.4.11) 

which can be normalized e.g. from [185]. The factor A^^ appears due to the 
presence of 2N^ fermions ip''^ and ^lJAk■ 

Now, taking into account the fact that the flux of the string under 
consideration is 

cfxF*^^, (5.4.12) 



/ 



(see the expression for the U(l) gauge field for the solution (4.2.6) or (4.4.4)) 
we conclude that the total number of the fermion zero modes in the string 
background 

u ^ m. (5.4.13) 
This number can be decomposed as 

p = AN = 4(7V - 1) + 4 , (5.4.14) 

where 4 is the number of the supertranslational modes while 4{N — 1) is the 
number of the superorientational modes. Four supertranslational modes are 
associated with four fermion fields in the two-dimensional effective theory on 
the string worldsheet, which are superpartners of the bosonic translational 
moduli xo and yo- Furthermore, 4(A^ — 1) corresponds to 4(A^ — 1) fermion 
fields in the J\f = 2CP{N — 1) model on the string worldsheet. CP(A^ — 1) 
describes dynamics of the orientational moduli of the string. For N = 2 the 
latter number (4(A^ — 1) = 4) counts four fermion fields X2 the model 
(4.4.29). 
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A similar theorem can be formulated for A/" = 1 theory with the potential 
(5.1.2) as well; it implies 4(A^ — 1) zero modes in this case too, i.e. the 
doubling of the number of the fermion zero modes on the string as compared 
with the one which follows from "BPS-ness." 

In [177] and [97] four orientational fermion zero modes were found ex- 
plicitly in A/" = 1 QCD and the M model, by solving the Dirac equations 
in the string background. Note that these fermion zero modes in the M 
model are perfectly normalizable provided we keep the coupling constant h 
non-vanishing. Instead, in conventional M = 1 SQCD without the M field 
the second pair of the fermion zero modes (proportional to Xi) become non- 
normalizable in the large-// limit [177]. This is related to the presence of the 
Higgs branch and massless bulk states in conventional M = 1 SQCD. As was 
already mentioned more than once, in the M model, Eq. (5.2.8), we have 
no massless states in the bulk. 

Note that in both translational and orientational sectors the number of 
the fermion zero modes is twice larger than the one dictated by 1/2 "BPS- 
ness." 




6 Non-BPS Non-Abelian strings 



In this section we will review non-BPS non-Abelian strings. In particular, 
they appear in non-supersymmetric theories. We will see that, although for 
BPS strings in supersymmetric theories the transition from quasiclassical 
to quantum regimes in the worldsheet theory on the string goes smoothly 
(see Sect. 4.4.4), for the non-Abelian strings in non-supersymmetric theories 
these two regimes are separated by a phase transition. 

Next, we will show that the same behavior is typical for non-BPS strings 
in supersymmetric gauge theories. As an example we consider non-Abelian 
strings in the so-called M = 1* theory which is a deformed J\f — A supersymmetric 
theory with supersymmetry broken down to A/" = 1 in a special way. 

6.1 Non-Abelian strings in non-supersymmetric the- 
ories 

In this section we will review some results reported in [139, 151] treating non- 
Abelian strings in non-supersymmetric gauge theories. The theory studied 
in [139] is just a bosonic part oiJ\f = 2 supersymmetric QCD with the gauge 
group SU(A^) xU(l) described in Sect. 4 in the supersymmetric setting. The 
action of this model is 




(6.1.1) 



where F*^ = (1/2) s^^agFa/s- This model is a bosonic part of A/" = 2 supersym- 
metric theory (4.1.7) where, instead of two squark fields and g^, only one 
fundamental scalar ip'^ is introduced for each fiavor A = 1, Nf, see the re- 
duced model (4.2.2) in Sect. 4.2. We also limit ourselves to the case Nf = N 
and drop the neutral scalar field a present in (4.1.7) as it plays no role in 
the string solutions. To keep the theory at weak coupling we consider large 
values of the parameter ^ in (6.1.1), ^ ^ Asu(Ar)- 
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We assume here that 

N 

J^m^ = 0. (6.1.2) 

A=l 

Later on it will be convenient to make a specific choice of the parameters 
rriA, namely, 

= m X diag {e^'^^/^, e"'^^/^, e^^^-^)-/^, l} , (6.1.3) 

where m is a single common parameter. Then the constraint (6.1.2) is auto- 
matically satisfied. We can (and will) assume m to be real and positive. We 
also introduce a 9 term in the model (6.1.1). 

Clearly the vacuum structure of the model (6.1.1) is the same as of the 
theory (4.1.7), see Sect. 4.1. Moreover, the Z^- string solutions are the same; 
they are given in Eq. (4.2.6). The adjoint field plays no role in this solution 
and is given by its VEV (4.1.11). The tensions of these strings are given 
classically by Eq. (4.2.12). However, in contrast with supersymmetric theory, 
now the tensions of strings acquire quantum corrections in loops. 

If masses of the fundamental matter vanish in (6.1.1) this theory has 
imbrokcn SU(A^)c7+i7 much in the same way as the theory (4.1.7). In this limit 
the Zn strings acquire orientational zero modes and become non-Abelian. 
The corresponding solution for the elementary non-Abelian string is given 
by Eq. (4.3.1). Below we will consider two-dimensional effective low-energy 
theory on the worldsheet of such non-Abelian string. Its physics appears to 
be quite different as compared with the one in the supersymmetric case. 

6.1.1 Worldsheet theory 

Derivation of the effective worldsheet theory for the non-Abelian string in the 
model (6.1.1) can be carried out much in the same way as in the supersym- 
metric case [139], see Sect. 4.4. The worldsheet theory now is two-dimensional 
non-supersymmetric CP(A^ — 1) model (4.4.9). Its coupling constant /3 is 
given by the coupling constant g2 of the bulk theory via the relation (4.4.10). 
Classically the normalization integral I is given by (4.4.11). Then it follows 
that / = 1 as in supersymmetric case. However, now we expect quantum 
corrections to modify this result. In particular, I can become a function of 
N in quantum theory. 

Now, let us discuss the impact of the 9 term which we introduced in our 
bulk theory (6.1.1). At first sight, seemingly it cannot produce any effect 
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because our string is magnetic. However, if one allows for slow variations of 
in z and t, one immediately observes that the electric field is generated 
via Ao,3 in Eq. (4.4.5). Substituting F^i from (4.4.7) into the Q term in 
the action (6.1.1) and taking into account the contribution from times 
Fij (k, n — 0,3 and i,j — 1, 2) we get the topological term in the effective 
CP(A^ - 1) model (4.4.9) in the form 

S^'+'^ = Jdtdz |2/3 [{daudan) + {n*danf] - e^^ {daud^n) 

(6.1.4) 

where is another normalizing integral given by the formula 
le - -/ cir {2/^.(1 -p) I + (2p-/)|} 

dr-^{2fNAP-p^fNA}. (6.1.5) 

As is clearly seen, the integrand here reduces to a total derivative, and is 
determined by the boundary conditions for the profile functions p and /ata- 
Substituting (4.4.6), (4.4.8), and (4.2.8), (4.2.7) we get 

le^l: (6.1.6) 

independently of the form of the profile functions. This latter circumstance 
is perfectly natural for the topological term. 

The additional term in the CP(A^ — 1) model (6.1.4) we have just de- 
rived is the 9 term in the standard normalization. The result (6.1.6) could 
have been expected since physics is 27r-periodic with respect to 6 both in 
the four-dimensional bulk gauge theory and in the two-dimensional world- 
sheet CP(A^ — 1) model. The result (6.1.6) is not sensitive to the presence 
of supersymmetry. It will hold in supersymmetric models as well. Note 
that the complexified bulk coupling constant converts into the complexified 
worldsheet coupling constant. 



47f 9 ^9 
gl 27r ^ 27r 



Now let us introduce small masses for the fundamental matter in (6.1.1). 
Clearly the diagonal color-fiavor group S\J{N)c+f is now broken by ad- 
joint VEV's down to U(l)^~^ x Zn- Still, the solutions for the Abehan 
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(or Z]\r) strings are the same as was discussed in Sect. 4.4.4 since the adjoint 
field does not enter these solutions. In particular, we have N distinct Zjy 
string solutions depending on what particular squark winds at infinity, see 
Sect. 4.4.4. Say, the string solution with the winding last fiavor is still given 
by Eq. (4.2.6). 

What is changed with the color-flavor S\J {N)c+f exphcitly broken by 
rriA 7^ 0, the rotations (4.3.1) no more generate zero modes. In other words, 
the fields become quasi-moduli: a shallow potential (4.4.47) for the quasi- 
moduli n' on the string worldsheet is generated [119, 120, 139]. Note that we 
can replace ttia by tua due to the condition (6.1.2). This potential is shallow 
as long as <C ^/^. 

The potential simplifies if the mass terms are chosen according to (6.1.3), 



Vcp^N-i)^'2(3mUl- 



N 

E 



(6.1.7) 



e=i 

This potential is obviously invariant under the cychc substitution 

£^£ + k, V£, (6.1.8) 

with k fixed. This property will be exploited below. 

Now our effective two-dimensional theory on the string worldsheet be- 
comes a massive CP(A^ — 1) model. As in the supersymmetric case the 
potential (6.1.7) has N vacua at 



n 



^^5^^°, 4 = 1,2,..., AT. (6.1.9) 



These vacua correspond to N distinct Abelian Zjv strings with (p^oio winding 
at infinity, see Eq. (4.4.4). 



6.1.2 Physics in the Icirge-A^ Umit 

The massless non-supersymmetric CP(A^ — 1) model (6.1.4) was solved a long 
time ago by Witten in the large- A^ limit [144]. The massive case with the 
potential (6.1.7) was considered at large A^ in [139, 151] in relation with the 
non- Abelian strings. Here we will briefly review this analysis. 
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As was discussed in Sect. 4.4.4. the CP(A^ — 1) model can be understood 
as a strong coupling limit of the U(l) gauge theory. The action has the form 



S = j d^x^ 

+ 4/3 |a - ^|>^|' + 2e2/32(|n^|2 - , (6.1.10) 

where we also included the 9 term. As in the supersymmetric case, in the 
limit ^ oo the a field can be eliminated via the algebraic equation of 
motion which leads to the theory (6.1.4) with the potential (4.4.47). 
The Zjv-cychc symmetry (6.1.8) now takes the form 



(j^e^^a, V£, (6.1.11) 

where k is fixed. 

It turns out that the non-supersymmetric version of the massive CP(A'" — 
1) model (6.1.10) has two phases separated by a phase transition [139, 151]. 
At large values of the mass parameter m we have the Higgs phase while at 
small m the theory is in the Coulomb/confining phase. 

The Higgs phase 

At large m, m ^ A^-, the renormalization group fiow of the coupling 
constant (3 in (6.1.10) is frozen at the scale m. Thus, the model at hand is 
at weak coupfing and the quasiclassical analysis is appficable. The potential 
(6.1.7) have N degenerate vacua which are labeled by the order parameter 
(cr), the vacuum configuration being 

n' = 5''\ a = £o = l,...,Ar, (6.1.12) 

as in the supersymmetric case, see (4.4.51). In each given vacuum the 
symmetry (6.1.11) is spontaneously broken. 

These vacua correspond to Abelian Z^^ strings of the bulk theory. 
vacua of the worldsheet theory have strictly degenerate vacuum energies. 
From the four- dimensional point of view this means that we have A^ strictly 
degenerate Z^ strings. 
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There are 2[N — 1) elementary excitations. Here we count real degrees 
of freedom. The action (6.1.10) contains N complex fields . The common 
phase of n^" is gauged away. The condition = 1 eliminates one more 
field. These elementary excitations have physical masses 

M^=|m^-m^J, £^4- (6.1.13) 

Besides, there are kinks (domain "walls" which are particles in two di- 
mensions) interpolating between these vacua. Their masses scale as 

M^^^^(3Mi. (6.1.14) 

The kinks are much heavier than elementary excitations at weak coupling. 
Note that they have nothing to do with Witten's n solitons [144] identified 
as solitons at strong coupling. The point of phase transition separates these 
two classes of solitons. 

As was already discussed in the supersymmetric case (see Sect. 4.5) the 
flux of the Abehan 't Hooft-Polyakov monopole is the difference of the fluxes 
of two "neighboring" strings, see (4.5.1). Therefore, the confined monopole 
in this regime is obviously a junction of two distinct strings. It is seen 
as a quasiclassical kink interpolating between the "neighboring" £Q-th and 
{io + l)-th vacua of the effective massive CP(A'" — 1) model on the string 
worldsheet. A monopole can move freely along the string as both attached 
strings are tension-degenerate. 

The Coulomb/confining phase 

Now let us discuss the Coulomb/confining phase of the theory occurring 
at small m. As was mentioned, at m = the CP(A^ — 1) model was solved 
by Witten in the large- iV limit [144]. The model at small m is very similar 
to Witten's solution. (In fact, in the large- hmit it is just the same.) The 
paper [151] presents a generahzation of Witten's analysis to the massive case 
which is then used to study the phase transition between the Zj^f asymmetric 
and symmetric phases. Here we will briefly summarize Witten's results for 
the massless model. 

The non-supersymmetric CP(A" — 1) model is asymptotically free (as its 
supersymmetric version) and develops its own scale A^. If m = 0, classically 
the field can have arbitrary direction; therefore, one might naively expect 
spontaneous breaking of SU(A") and the occurrence of massless Goldstone 
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n 



k=0 k=l k=0 

Figure 15: Linear confinement of the n-n* pair. The solid straight hne represents 
the string. The dashed hne shows the vacuum energy density (normahzing £q to 
zero). 

modes. This cannot happen in two dimensions. Quantum effects restore the 
full symmetry making the vacuum unique. Moreover, the condition |n^p = 1 
gets in effect relaxed. Due to strong coupling we have more degrees of freedom 
than in the original Lagrangian, namely all N fields n become dynamical and 
acquire masses A^.. 

This is not the end of the story, however. In addition, one gets another 
composite degree of freedom. The U(l) gauge field Ak acquires a standard 
kinetic term at one-loop level, of the form 

FkpFkp. (6.1.15) 

Comparing Eq. (6.1.15) with (6.1.10) we see that the charge of the n fields 
with respect to this photon is 1/ \/N. The Coulomb potential between two 
charges in two dimensions is linear in separation between these charges. The 
linear potential scales as 

ViR)r.^R, (6.1.16) 

where R is separation. The force is attractive for pairs n and n, leading to 
the formation of weakly coupled bound states (weak coupling is the manifes- 
tation of the 1/N suppression of the confining potential). Charged states are 
eliminated from the spectrum. This is the reason why the n fields were called 
"quarks" by Witten. The spectrum of the theory consists of nn- "mesons." 
The picture of confinement of n's is shown in Fig. 15. 

The validity of the above consideration rests on large N. If is not 
large Witten's solution [144] ceases to be applicable. It remains valid in the 
qualitative sense, however. Indeed, at = 2 the model was solved exactly 
[187, 188] (see also [189]). Zamolodchikovs found that the spectrum of the 
0(3) model consists of a triplet of degenerate states (with mass ~ A^.). At 
N — 2 the action (6.1.10) is built of doublets. In this sense one can say 

^^By loops here we mean perturbative expansion in perturbation theory. 
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that Zamolodchikov's solution exhibits confinement of doublets. This is in 
qualitative accord with the large- solution [144]. 

Inside the nn mesons, we have a constant electric field, see Fig. 15. There- 
fore the spatial interval between n and n has a higher energy density than 
the domains outside the meson. 

Modern understanding of the vacuum structure of the massless CP(A'" — 1) 
model [190] (see also [191]) allows one to reinterpret confining dynamics of 
the n fields in different terms [140, 139]. Indeed, at large A^, along with the 
unique ground state, the model has ~ N quasi-stable local minima, quasi- 
vacua, which become absolutely stable dX N — oo. The relative sphttings 
between the values of the energy density in the adjacent minima is of the 
order of 1/A^, while the probability of the false vacuum decay is proportional 
to iV~^exp(— A^) [190, 191]. The n quanta (n quarks-solitons) interpolate 
between the adjacent minima. 

The existence of a large family of quasi- vacua can be inferred from the 
study of the 9 evolution of the theory. Consider the topological susceptibility, 
i.e. the correlation function of two topological densities 

j d^x{Q{x), Q(0)), (6.1.17) 

where 

i 1 

Q = — SkpdkAp = — Ekp [dkul dpn^') . (6.1.18) 

The correlation function (6.1.17) is proportional to the second derivative of 
the vacuum energy with respect to the 9 angle. From (6.1.18) it is not difficult 
to deduce that this correlation function scales as 1/N in the large N limit. 
The vacuum energy by itself scales as N. Thus, we conclude that, in fact, 
the vacuum energy should be a function of 9/N. 

On the other hand, on general grounds, the vacuum energy must be 
a 27r-periodic function of 9. These two requirements arc seemingly self- 
contradictory. A way out reconciling the above facts is as follows. Assume 
that we have a family of quasi- vacua with energies 

27rk + 9^ ^" 



Ek(9)r^ NAi{l + const \^ ^ j }, k^O...,N-l. (6.1.19) 

A schematic picture of these vacua is given in Fig. 16. All these minima are 
entangled in the 9 evolution. If we vary 9 continuously from to 2% the depths 
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Figure 16: The vacuum structure of CP(A^ — 1) model at = 0. 

of the minima "breathe." At = vr two vacua become degenerate, while for 
larger values of 9 the former global minimum becomes local while the adjacent 
local minimum becomes global. It is obvious that for the neighboring vacua 
which are not too far from the global minimum 



This is also the confining force acting between n and n. 

One could introduce order parameters that would distinguish between 
distinct vacua from the vacuum family. An obvious choice is the expectation 
value of the topological charge. The kinks interpolate, say, between the 
global minimum and the first local one on the right-hand side. Then n's 
interpolate between the first local minimum and the global one. Note that 
the vacuum energy splitting is an effect suppressed by \/N. At the same 
time, kinks have masses which scale as N^, 



The multiplicity of such kinks is N [63], they form an A^-plet of SU(A^). This 
is in full accord with the fact that the large- A'^ solution of (6.1.10) exhibits 

quanta of the complex field n^. 

Thus we see that the CP(A^ — 1) model has a fine structure of "vacua" 
which are split, with the sphtting of the order of A^/A^. In four-dimensional 
bulk theory these "vacua" correspond to elementary non-Abelian strings. 
Classically all these strings have the same tension (4.2.12). Due to quantum 
effects in the worldsheet theory the degeneracy is lifted: the elementary 




(6.1.20) 



M 



f-kink 

e 



(6.1.21) 
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strings become split, with the tensions 

r = 27re + Ci7VA^|l + c,(^^^y| . (6.1.22) 

where Ci and C2 are numerical coefficients. Note that (i) the splitting does 
not appear to any finite order in the coupling constants; (ii) since ^ ^ A^., 
the splitting is suppressed in both parameters, A^/y/^ and 1/A^. 

Kinks of the worldsheet theory represent confined monopoles (string junc- 
tions) in the four-dimensional bulk theory. Therefore kink confinement in 
CP(A'" — 1) model can be interpreted as follows [140, 139]. The non-Abelian 
monopoles, in addition to the four- dimensional confinement (which ensures 
that the monopoles are attached to the strings) acquire a two-dimensional 
confinement along the string: a monopole-antimonopole forms a meson-like 
configuration, with necessity, see Fig. 15. 

In summary, the CP(A'" — 1) model in the Coulomb/confining phase, at 
small m, has a vacuum family with a fine structure. For each given 9 (except 
6 = 71, Stt, etc.) the true ground state is unique, but there is a large number 
of "almost" degenerate ground states. The Z^r symmetry is unbroken. The 
classical condition (4.4.3) is replaced by (n^) = 0. The spectrum of physically 
observable states consists of kink-anti-kink mesons which form the adjoint 
representation of SU(A'"). 

Instead, at large m the theory is in the Higgs phase; it has N strictly 
degenerate vacua (6.1.12); the Zn symmetry is broken. We have — 1 ele- 
mentary excitations with masses given by Eq. (6.1.13). Thus we conclude 
that these two regimes should be separated by a phase transition at some 
critical value [139, 151]. This phase transition is associated with the Zjv 
symmetry breaking: in the Higgs phase the symmetry is spontaneously 
broken, while in the Coulomb phase it is restored. For N = 2 we deal with 
Z2 which makes the situation akin to the Ising model. 

In the worldsheet theory this is a phase transition between the Higgs 
and Coulomb/confining phase. In the bulk theory it can be interpreted as a 
phase transition between the Abelian and non-Abelian confinement. In the 
Abelian confinement phase at large m, the Z^ symmetry is spontaneously 
broken, all N strings are strictly degenerate, and there is no two-dimensional 
confinement of the 4D-confined monopoles. In contrast, in the non-Abelian 
confinement phase occurring at small m, the Z^r symmetry is fully restored, 
all N elementary strings are split, and the 4D-confined monopoles combine 
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Figure 17: Schematic dependence of string tensions on the mass parameter m. 
At small m in the non-Abelian confinement phase the tensions are split while in 
the Abelian confinement phase at large m they are degenerative. 

with antimonopoles to form a meson-like configuration on the string, see 
Fig. 15. We show schematically the dependence of the string tensions on m 
in these two phases in Fig. 17. 

In [151] the phase transition point is found using large- A?" methods devel- 
oped by Witten in [144]. It turns out that the critical point 



The vacuum energy is calculated in both phases and is shown to be continuous 
at the critical point. If one approaches the critical point, say, from the Higgs 
phase some composite states of the worldsheet theory (6.1.10), such as the 
photon and the kinks, become light. One is tempted to believe that these 
states become massless at the critical point (6.1.23). However, this happen 
only in the very narrow vicinity of the phase transition point where 1/A^ 
expansion fails. Thus, the large- approximation is not powerful enough to 
determine the critical behavior. 



(6.1.23) 
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To conclude this section we would like to stress that we encounter a crucial 
difference between the non-Abelian confinement in supersymmetric and non- 
supersymmetric gauge theories. For BPS strings in supersymmetric theories 
we have no phase transition separating the phase of the non-Abelian strings 
from that of the Abehan strings [119, 120]. Even for small values of the mass 
parameters supersymmetric theory strings are strictly degenerate, and the 
Zjv symmetry is spontaneously broken. In particular, at Am^ = the order 
parameter for the broken Zn, which differentiates the degenerate vacua of 
the supersymmetric CP(A^ — 1) model, is the bifermion condensate of two- 
dimensional fermions living on the string worldsheet of the non-Abelian BPS 
string, see Sect. 4.4.3. 

Moreover, the presence of the phase transition between Abelian and non- 
Abelian confinement in non-sup ersymmetric theories suggests a solution for 
the problem of enrichment of the hadronic spectrum mentioned in the begin- 
ning of Sect. 4, see also a more detailed discussion in Sect. 4.9. In the phase 
of Abehan confinement we have N strictly degenerative Abehan strings 
which give rise to too many "hadron" states, not present in actual QCD. 
Therefore Abelian Z^v strings can hardly play a role of prototypes for QCD 
confining strings. Although the BPS strings in supersymmetric theories be- 
come non-Abelian as we tune the mass parameters uia to a common value, 
still there are N strictly degenerative non-Abelian strings and, therefore, still 
too many "hadron" states in the spectrum. 

As was explained in this section, the situation in non-supersymmetric 
theories is quite different. As we make mass parameters uia equal we enter 
the non-Abelian confinement phase. In this phase N elementary non-Abelian 
strings are split. Say, at ^ = we have only one lightest elementary string 
producing a single two-particle meson with the given fiavor quantum numbers 
and spin, exactly as observed in nature. If is large, the splitting is small, 
however. If N is not-so-large the splitting is of the order of A^. Therefore, the 
mesons produced by excited strings are unstable and may appear invisible 
experimentally. 

6.2 Non-Abelian strings in = 1 * theory 

So far in our quest for the non-Abelian strings we focused on a particular 
model, with the SU(A") xU(l) gauge group and fundamental matter. How- 
ever, it is known that solutions for Z^v strings were first found in simpler 
models, with the SU(A'") gauge group and adjoint matter [121, 122, 123, 124] 
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(in fact, the gauge group becomes SU(A^)/Zjv if only adjoint matter is present 
in the theory). A natural question which immediately comes to one's mind 
is: can these Zn strings under some special conditions develop orientational 
zero modes and become non-Abelian? The answer to this question is yes. 
Solutions for non-Abelian strings in the simplest theory with the SU(2) gauge 
group and adjoint matter were found in [140] (actually, the gauge group of 
this theory is SO (3)). Here we will briefly review the results of this paper. 

Although the model considered in [140] is supersymmetric the price one 
has to pay for its simplicity is that the strings which appear in this model 
are not BPS. The reason is easy to understand. One cannot introduce the FI 
term in the theory with the gauge group SU(A'") and, therefore, one cannot 
construct the string central charge [27]. 

The model considered in [140] is the so-called A/" = 1 * supersymmetric 
theory with the gauge group SU(2). It is a deformed J\f = 4 theory with the 
mass terms for three Af — 1 chiral superfields. Let us take two equal masses, 
say mi = m2 = m, while the third mass rris is assumed to be distinct. 
Generally speaking. A/" = 4 supersymmetry is broken down to A/" = 1 , unless 
7713 = 0. If 7723 = the theory has A/" = 2 supersymmetry. It exemplifies 
A/" = 2 gauge theory with the adjoint matter (two J\f = 1 flavors of adjoint 
matter with equal masses). 

Classically the vacuum structure of this theory was studied in [192], while 
quantum effects were taken into account in [193]. The AA = 4 theory with 
the SU(2) gauge group has three vacua, and if the coupling constant of the 
A/" = 4 theory is small gf^ -C 1, one of these vacua is at weak coupling. 
All three adjoint scalars condense in this vacuum. Therefore, it is called the 
Higgs vacuum [192, 193]. Two other vacua of the theory are always at strong 
coupling. For small 7713 they corresponds to the monopole and dyon vacua 
of the perturbed J\f = 2 theory [2] . Here we will concentrate on the Higgs 
vacuum in the weak coupling regime. 

In this vacuum the gauge group SU(2) is broken down to Z2 by the adjoint 
scalar VEV's. Therefore there are stable Z2 non-BPS strings associated with 

7ri(SU(2)/Z2) =^2. (6.2.1) 

If we choose a special value of ma, 

m3 = m , 

^^Noto that the couphng of the unbroken /\f = A theory does not run since the 
M = A theory is conformal. 
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there is a diagonal 0{3)c+f subgroup of the global gauge group SU(2), and 
the flavor 0(3) group, unbroken by vacuum condensates. In parallel with 
Refs. [118, 117, 119, 120] (see also Sect. 4), the presence of this group leads 
to emergence of orientational zero modes of the Z2-strings associated with 
rotation of the color magnetic flux of the string inside the SU(2) gauge group, 
which converts the Z2 string into non-Abelian. 

Let us discuss this model in more detail. In terms of A/" = 1 supermulti- 
plets, the A/" = 4 supersymmetric gauge theory with the SU(2) gauge group 
contains a vector multiplet, consisting of the gauge field and gaugino A"", 
and three chiral multiplets A = 1,2, 3, all in the adjoint representa- 
tion of the gauge group, with a = 1, 2, 3 being the SU(2) color index. The 
superpotential of the jV = 4 gauge theory is 

MV=4 = -^Sabcn^m ■ (6-2.2) 
9 

One can deform this theory, breaking J\f — A supersymmetry down to jV = 2 , 
by adding two equal mass terms m, say, for the first two flavors of the adjoint 
matter, 

^ A=l,2 

Then, the third flavor combines with the vector multiplet to form an A/" = 2 
vector supermultiplet, while the first two flavors (6.2.3) can be treated as A/" = 
2 massive adjoint matter. If one wishes, one can further break supersymmetry 
down to A/" = 1 , by adding a mass term to the $3 multiplet, 

WV=i* = inf . (6.2.4) 

The bosonic part of the action is 

+ ^ E [(*A$s)($A$i3) - ($A$i3)($B$A)] + 



(6.2.5) 



165 



where Df, = 9^$^ + £"^Mj;$^, and we use the same notation for the 
scalar components of the corresponding chiral superfields. 

As was mentioned above, we are going to study the so-called Higgs vac- 
uum of the theory (6.2.5), when all three adjoint scalars develop the VEV's 
of the order of m, ^Jmmi. The scalar condensates $^ can be written in the 
form of the following 3x3 color-flavor matrix (convenient for the SU(2) gauge 
group and three and three chiral flavor superfields) 



/ ^Jmmz 

y/mml I . (6.2.6) 



\ m 

These VEV's break the SU(2) gauge group completely. The VF-bosons masses 
are 

2 = + 'mm-i (6.2.7) 
for while the mass of the photon fields ^4^ is 

= 2mm3 . (6.2.8) 

In what follows, we will be especially interested in a particular point in 
the parameter space: ms = m. For this value of ma, (6.2.6) presents a 
symmetric color-flavor locked vacuum 



(^a) = 4 1 . (6.2.9) 




This symmetric vacuum respects the global 0(3)c+ir symmetry, 

$ ^ ^ O^-^J^^ , (6.2.10) 

which combines transformations from the global color and flavor groups, 
similarly to the SU(A^)c+f group of the U(N) theories, see Sect. 4. It is this 
symmetry that is responsible for the presence of the non-Abelian strings in 
the vacuum (6.2.9). 

Note that at mj, — m masses of all gauge bosons are equal, 

ml = 2m2 , (6.2.11) 
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as is clearly seen from (6.2.7) and (6.2.8). This means, in particular, that 
in the point 7723 = m we loose all traces of the "Abelization" in our theory, 
which are otherwise present at generic values of m^. 

Let us also emphasize that the coupling g"^ in Eq. (6.2.5) is the J\f = 
4 couphng constant. It does not run in the Af — A theory at scales above m, 
and we assume it to be small, 

(6.2.12) 

At the scale m the gauge group SU(2) is broken in the vacuum (6.2.9) by the 
scalar VEV's. Much in the same was as in the U(A^) theory (see Sect. 4) the 
running of the coupling constant below the scale m is determined by the 
function of the effective two-dimensional sigma model on the worldsheet of 
the non-Abelian string. 

Skipping details we present here the solution for the non-Abelian string in 
the model (6.2.5) found in [140]. When 7713 approaches m, the theory acquires 
additional symmetry. In this case the scalar VEV's take the form (6.2.9), 
preserving the global combined color-flavor symmetry (4.1.15). On the other 
hand, the Z2 string solution itself is not invariant under this symmetry. The 
symmetry (4.1.15) generates orientational zero modes of the string. The 
string solution in the singular gauge is 

= o I -^(f) \o~^ 




= S°^a|i/(r), ,,j = l,2, (6.2.13) 
where we introduced the unit orientational vector S"', 

ga^QagbS^Qa (6.2.14) 

It is easy to see that the orientational vector S"" defined above coincides with 
the one we introduced in Sect. 4, see Eq. (4.4.20). The solution (6.2.13) 
interpolates between the Abelian Z2 strings for which S = {0,0, ±1}. We 
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see that the string flux is determined now by an arbitrary vector S"' in the 
color space, much in the same way as for the non-Abehan strings in the U(A^) 
theories. 

Since this string is not BPS-saturated, the profile functions in (6.2.13) 
satisfy now the 5econc?-order differential equations, 



0" + -0' - = - V2msao) + 20 



\ 2 
m \ 



r 



(6.2.15) 



where the primes stand for derivative with respect to r, and the boundary 
conditions are 



0(0) = 0, 0(oo) = 



ao(0) = 0, a(oo) 



V2' 

/(0) = 1, /(oo) = 0. 



The string tension is 

T = 27i 



rdr 



f 



12 



+ 0'' + ^ + 



2^,2 j,2 



g,2 j,2 



(6.2.16) 



+ 



9^ 



^aol +20 [a,--^^ 



(6.2.17) 



The second-order equations for the string profile functions were solved 
in [140] numerically and the string tension was found as a function of the 
mass ratio mz/m. Note that for the BPS string (which appears in the limit 
777.3 ~^ 0) the tension is 

7bps = 27r mms/g'^ . 
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The effective worldsheet theory for the non-Abehan string (6.2.13) was 
shown to be the non-supersymmetric CP(1) model [140]. Its couphng con- 
stant (3 is related to the coupling constant of the bulk theory via (4.4.10), 
where now the normalization integral 

/ ~ 0.78. 

In this theory there is a 't Hooft-Polyakov monopole with the unit magnetic 
charge. Since the Z2-string charge is 1/2, it cannot end on the monopole, 
much in the same way as for the monopoles in the U(A^) theories, see Sect. 4.5. 
Instead, the confined monopole appears to be a junction of the Z2 string and 
anti-string. In the worldsheet CP(1) model it is seen as a kink interpolating 
between the two vacua. 

At small values of the mass difference — m the worldsheet theory is 
in the Coulomb/confining phase, see Sect. 6.1.2, although, strictly speaking, 
the large-A^ analysis is not applicable in this case. Still, the monopoles, in 
addition to four-dimensional confinement ensuring that they are attached 
to a string, also experience confinement in two dimensions, along the string 
[140] . This means that each monopole on the string must be accompanied by 
an antimonopole, with a linear potential between them along the string. As a 
result, they form a meson-like configuration, see Fig. 15. As was mentioned in 
Sect. 6.1.2, this follows from the exact solution of the CP(1) model [187, 188]: 
only the triplets of SU(2)c+i;' are seen in the spectrum. 




7 Strings on the Higgs branches 



One common feature of supersymmetric gauge theories is the presence of 
moduh spaces — manifolds on which scalar fields can develop arbitrary 
VEV's without violating the zero energy condition. If on these vacuum man- 
ifolds the gauge group is broken, either completely or partially, down to a 
discrete subgroup, these manifolds are referred to as the Higgs branches. 

One may pose a question: what happens with the flux tubes and confine- 
ment in theories with the Higgs branches? The Higgs branch represents an 
extreme case of type-I superconductivity, with vanishing Higgs mass. One 
may ask oneself whether or not the ANO strings still exist in this case, and 
if yes, whether they provide confinement for external heavy sources. 

This question was posed and studied first in [95] where the authors con- 
cluded that the vortices do not exist on the Higgs branches due to infrared 
problems. In Ref. [194, 195] the M — 1 SQED vortices were further ana- 
lyzed. It was found that at a generic point on the Higgs branch strings are 
unstable. The only vacuum which supports string solutions is the base point 
of the Higgs branch where the strings become BPS-saturated. The so-called 
"vacuum selection rule" was put forward in [194, 195] to ensure this property. 

On the other hand, in [96, 162] it was shown that infrared problems 
can be avoided provided certain infrared regularizations are applied. Say, 
in [96, 162] the infrared divergences were regularized through embedding 
oi M = 1 SQED in softly broken M = 2 SQED. Another alternative is to 
consider a finite length-L string instead of an infinitely long string. In this 
case the impact of the Higgs branch was shown to "roughen" the string, 
making it logarithmically "thick." Still, the string solutions do exist and 
produce confinement for heavy trial sources. However, now the confining 
potential is not linear in separation; rather it behaves as 

V{L) ~ ^ (7.0.18) 

at large L. Below we will briefiy review the string solutions on the Higgs 
branches, starting from the simplest case of the flat Higgs branch and then 
considering a more common scenario, when the Higgs branch is curved by 
the FI term. 
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7.1 Extreme type-I strings 



In this section we will review the classical solutions for the ANO vortices 
(flux tubes) in the theories with the flat Higgs potential which arises in 
supersymmetric settings [96] . Let us start from the Abelian Higgs model, 

for a single complex field q with the quartic coupling A — > 0. Here 

where Ue is the electric charge of the field q. Following [96], we will first 
consider this model with a small but nonvanishing A and then take the limit 
A = 0. 

Obviously, the field q develops a VEV, q = v, spontaneously breaking the 
U(l) gauge group. The photon acquires the mass 

ml = 2nyv^ (7.1.2) 

while the Higgs particle mass is 

ml^AXv'^. (7.1.3) 

The model (7.1.1) is the standard Abelian Higgs model which supports 
the ANO strings [36]. For generic values of A the Higgs mass differs from 
that of the photon. The ratio of the photon mass to the Higgs mass is an 
important parameter — in the theory of superconductivity it characterizes 
the type of the superconductor in question. Namely, for rriq < we have the 
type-I superconductor in which two well-separated ANO strings attract each 
other. On the other hand, for rriq > we have the type-II superconductor 
in which two well-separated strings repel each other. This is due to the fact 
that the scalar field gives rise to attraction between two vortices, while the 
electromagnetic field gives rise to repulsion. 

Now, let us consider the extreme type-I limit in which 

niq <S m-y . (7-1.4) 
We will assume the week coupling regime in the model (7.1.1), X ^ <^ 1. 
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The general guiding idea which will lead us in the search for the string 
solution in the extreme type-I limit is a separation of different fields at dis- 
tinct scales which are obviously present in the problem at hand due to the 
"extremality" condition (7.1.4). This method goes back to the original pa- 
per by Abrikosov [36] in which the tension of the type-II string had been 
calculated under the condition rrig ^ m-y. A similar idea was used in [96] to 
calculate the tension of the type-I string under the condition rrig <^ m^. 

To the leading order in Inm^/rriq the vortex solution has the following 
structure in the plane orthogonal to the string axis: The electromagnetic 
field is confined in a core with the radius 

R ^ ^ In . (7.1.5) 

rriy rUq 

At the same time, the scalar field is close to zero inside the core. Outside 
the core the electromagnetic field is vanishingly small, while the scalar field 
behaves as 

^ ^^l' ln(l/m,i?,) / ' ' ^'-'-^^ 

where r and a are polar coordinates in the orthogonal plane (Fig. 5). Here 
Kq is the (imaginary argument) Bessel function with the exponential fall-off 
at infinity and logarithmic behavior at small arguments, 

Kq{x) - ln(l/a;) at x^Q. 

The reason for this behavior is that in the absence of the electromagnetic 
field outside the core the scalar field satisfies the free equation of motion, 
and (7.1.6) presents the appropriate solution to this equation. From (7.1.6) 
we see that the scalar field slowly (logarithmically) approaches its boundary 
value V. 

The tension of this string is [96] 

T = (7.1.7) 

The main contribution to the tension in (7.1.7) comes from the logarithmic 
"tail" of the scalar field q. It is given by the kinetic term for the scalar field 
in (7.1.1). This term contains a logarithmic integral over r. Other terms in 
the action are suppressed by inverse powers of In (m-y/m^) as compared with 
the contribution quoted in (7.1.7). 
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The results in Eqs. (7.1.5) and (7.1.7) imply that if we naively take the 
limit rriq the string becomes infinitely thick and its tension tends to zero 
[96]. This apparently means that there are no strings in the limit rriq = 0. As 
was mentioned above, the absence of the ANO strings in the theories with 
the flat Higgs potential was first noticed in [95]. 

One might think that the absence of ANO strings means that there is no 
confinement of monopoles in the theories with the Higgs branches. 

So, do the ANO strings exist, or don't they? 

As we will see shortly confinement does not disappear [96]. It is the 
formulation of the problem that has to be changed a httle bit in the case at 
hand. 

So far we considered infinitely long ANO strings. However, an appropriate 
setup in the confinement problem is in fact slightly different [96]. We have 
to consider a monopole-antimonopole pair at a large but finite separation L. 
Our aim is to take the limit rriq 0. This limit will be perfectly smooth 
provided we consider the ANO string of a finite length L, such that 

— < L < — . (7.1.8) 

Vflq 

Then it turns out [96] that 1/ L plays the role of the IR cutoff in Eqs. (7.1.5) 
and (7.1.7), rather than vriq. The reason for this is that for r ^ L the problem 
is two-dimensional and the solution of the two-dimensional free equation of 
motion for the scalar field given by (7.1.6) is logarithmic. If we naively 
put rUq = in this solution the Bessel function reduces to the logarithmic 
function which cannot reach a finite boundary value at infinity. Thus, as we 
mentioned above, infinitely long fiux tubes do not exist. 

However, for r ^ L, the problem becomes three-dimensional. The solu- 
tion to the three-dimensional free scalar equation of motion behaves as 

(g — v) ~ 

where x„ {n — 1,2,3) are the spatial coordinates in the three-dimensional 

space. 

With this behavior the scalar field reaches its boundary value at infinity. 
Clearly 1/L plays a role of the IR cutoff for the logarithmic behavior of the 
scalar field. 

Now we can safely put = 0. The formula for the radius of the electro- 
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magnetic core of the vortex takes the form 



Rg — In {m^L) , (7.1.9) 



while the string tension now becomes [96] 

The ANO string becomes "thick." Nevertheless, its transverse size Rg is much 
smaller than its length L, 

Rg<^L, 

so that the string-hke structure is clearly identifiable. As a result, the po- 
tential acting between the probe well-separated monopole and antimonopole 
confines but is no longer linear in L. At large L [96] 

The potential V{L) is an order parameter which distinguishes different 
phases of a given gauge theory (see, for example, [66]). We conclude that 
on the Higgs branches one deals with a new confining phase, which had 
never been observed previously. It is clear that this phase can arise only in 
supersymmetric theories because we have no Higgs branches without super- 
symmetry. 

7.2 Example: J\f = I SQED with the FI term 

Initial comments regarding this model are presented in Part I, see Sect. 3.2.2. 
The SQED Lagrangian in terms of superfields is presented in Eq. (3.2.1), 
while the component expression can be found in (3.2.4). For convenience we 
reiterate here crucial features of A/" = 1 SQED, to be exploited below. 

The field content of jV" = 1 SQED is as follows. The vector multiplet 
contains the U(l) gauge field and the Weyl fermion A", a — 1,2. The 
chiral matter multiplet contains two complex scalar fields q and q as well as 
two complex Weyl fermions ■0" and ipa- The bosonic part of the action is 

Sqed = J ci'a;|^F2^ + V^gV^g + V^gV^|+V(g,g)|, (7.2.12) 
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where 

Thus, we assume the matter fields to have electric charges Ue = ±1/2. The 
potential of this theory comes from the D term and reduces to 

V{q,q)^^j{\q\'-\q\'-0' . (7.2.13) 

The parameter ^ is the Fayet-lhopoulos parameter introduced through ^3. 

The vacuum manifold of the theory (7.2.12) is the Higgs branch deter- 
mined by the condition 

kP-kT = e- (7.2.14) 

The dimension of this Higgs branch is two. To see this please observe that in 
the problem at hand we have two complex scalars (four real variables) subject 
to one constraint (7.2.14). In addition, we have to subtract one gauge phase; 
thus, we have 4—1 — 1=2. 

The mass spectrum of this theory consists of one massive vector J\f = I 
multiplet, with mass 

1 

2' 

(four bosonic + four fermionic states) and one chiral massless field associated 
with fluctuations along the Higgs branch. The VEV of the scalar field above 
is given by 

v'^\{q)\' + \{q)\'. (7.2.16) 

Next, following [162], let us consider strings supported by this theory. 
First we will choose the VEV of the scalar field to lie on the base point of 
the Higgs branch, 

q = V^, q = o. (7.2.17) 

Then the massless field q plays no role in the string solution and can be set to 
zero. This case is similar to the case of non-Abelian strings in jV" = 1 SQCD 
described in detail in Sect. 5.1. On the base of the Higgs branch we do 
have (classically) BPS ANO strings with the tension given by (4.2.12). In 
particular, their profile functions are determined by (3.2.16) and satisfy the 
first-order equations (3.2.17). 

Now consider a generic vacuum on the Higgs branch. The string solution 
has the following structure [162]. The electromagnetic field, together with 



m5 = -(?V, (7.2.15) 
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the massive scalar, form a string core of size ~ ^/(gV^)- The solution for this 
core is essentially given by the BPS profile functions for the gauge field and 
massive scalar q. Outside the core the massive fields almost vanish, while 
the light (massless) fields living on the Higgs branch produce a logarithmic 
"tail." Inside this "tail" the light scalar fields interpolate between the base 
point (7.2.17) and the VEV's of scalars q and q on the Higgs branch (7.2.14). 
The tension of the string is given by the sum of tensions coming from the 
core and "tail" regions, 

where I the length of the geodesic line on the Higgs branch between the base 
point and VEV, 



1= dt yjQMN [dt^"") (5t<^^) , (7.2.19) 
Jo 

where qmn is the metric on the Higgs branch, while ip^ stand for massless 
scalars living on the Higgs branch. For example, for ^ ^ 

and the "tail" contribution in (7.2.18) matches the result (7.1.10) for the 
string tension on the flat Higgs branch. 

In (7.2.18) we consider the string of a finite length L to ensure an infrared 
regularization. It is also possible [162] to embed M = 1 SQED (7.2.12) in 
softly broken M = 2 SQED much in the same way as it was done in Sect. 5.1 
for non-Abelian strings. This procedure slightly lifts the Higgs branch making 
even infinitely long strings well defined. Note, however, that within this 
procedure the string is not BPS-saturated at a generic point on the Higgs 
branch. 
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8 Domain walls as D-brane prototypes 



D branes are extended objects in string theory on which strings can end [10]. 
Moreover, the gauge fields are the lowest excitations of open superstrings, 
with the endpoints attached to D branes. SU(A^) gauge theories are obtained 
as a field-theoretic reduction of a string theory on the worldvolume of a stack 
of D branes. 

Our task is to see how the above assertions are implemented in field the- 
ory. We have already thoroughly discussed field-theoretic strings. Sohtonic 
objects of the domain wall type were also extensively studied in supersym- 
metric gauge theories in 1+3 dimensions in the last decade. The original 
impetus was provided by the Dvali-Shifman observation [11] of the critical 
(BPS-saturated) domain walls in A/" = 1 gluodynamics, with the tension scal- 
ing as A^A^. The pecuhar A^ dependence of the tension prompted [12] a D 
brane interpretation of such walls. Ideas as to how flux tubes can end on 
the BPS walls were analyzed [196] at the qualitative level shortly thereafter. 
Later on, BPS saturated domain-walls and their junctions with strings were 
discussed [197, 198] in a more quantitative aspect in A/" = 2 sigma models. 
Some remarkable parallels between fleld-theoretical critical sohtons and the 
D-brane string theory construction were discovered. 

In this and subsequent sections we will review the parallel found between 
the field-theoretical BPS domain walls in gauge theories and D branes/strings. 
In other words, we will discuss BPS domain walls with the emphasis on lo- 
cahzation of the gauge fields on their world volume. In this sense the BPS 
domain walls become D brane prototypes in field theory. 

As was mentioned, research on ficld-thcorctic mechanisms of gauge field 
localization on the domain walls attracted much attention in recent years. 
The only viable mechanism of gauge field localization was put forward in Ref. 
[11] where it was noted that if a gauge field is confined in the bulk and is 
unconfined (or less confined) on the brane, this naturally gives rise to a gauge 
field on the wall (for further developments see Refs. [199, 200]). Although 
this idea seems easy to implement, in fact it requires a careful consideration 
of quantum effects (confinement is certainly such an effect) which is hard to 
do at strong coupling. 

Building on these initial proposals models with localization of gauge fields 
on the worldvolume of domain walls at weak coupling in A/" = 2 supersym- 
mctric gauge theories were suggested in [159, 37, 201]. Using a dual language, 
the basic idea can be expressed as follows: the gauge group is completely 
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Higgsed in the bulk while inside the wall the charged scalar fields almost 
vanish. In the bulk magnetic flux tubes are formed while inside the wall 
the magnetic fields can propagate freely. In Ref. [159] domain walls in the 
simplest M = 2 QED theory were considered while Refs. [201, 37] deal with 
the domain walls in non-Abelian jV = 2 gauge theories (4.1.7), with the gauge 
group U(A'"). Below we will review some results obtained in these papers. 

The moduli space of the multiple domain walls in A/" = 2 supersymmetric 
gauge theories and sigma models were studied in [202, 203, 206, 207, 208]. 
Note that the domain walls can intersect [79, 80, 83]. In particular, in [81, 82] 
a honeycomb webs of walls were obtained in Abelian and non-Abelian gauge 
theories, respectively. 

We start our discussion of the BPS domain walls as D brane prototypes in 
the simplest Abelian theory - A/" = 2 SQED with 2 fiavors [159]. It supports 
both, the BPS-saturated domain walls and the BPS-saturated ANO strings 
if the Fayet-Ihopoulos term is added to the theory. 



8.1 jV = 2 supersymmetric QED 

J\f = 1 SQED (four supercharges) was discussed in Sect. 3.2. Now we will ex- 
tend supersymmetry to J\f — 2 (eight supercharges) . Some relevant features 
of this model are summarized in Appendix B. 

The field content of A/" = 2 SQED is as follows. In the gauge sector we 
have the U(l) vector A/" = 2multiplet. In the matter sector we have Nf 
matter hypermultiplets. In this section we will limit ourselves to Nf = 2. 
This is the simplest case which admits domain wall interpolating between 
quark vacua. The bosonic part of the action of this theory is 

S = J d'xi^^F^, + ^\d,a\' + V.qAV.q'' + V ^QaV 

+ ^ - \qA? - 0' + ^ k~Vr + + \a + V2m^f } , 

(8.1.1) 

where 

V, = d^-'-A,, v, = d^+'-A,. (8.1.2) 

With this convention the electric charges of the matter fields are ±1/2 (in 
the units of g). Parameter ^ in Eq. (8.1.1) is the coefficient in front of the 
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Fayet-Iliopoulos term. It is introduced as in Eq. (4.1.5) with — D and 
Fi 2 = 0. In other words, here we introduce the Fayet-Iliopoulos term as the 
D term. Furthermore, g is the U(l) gauge coupling. The index vl = 1, 2 is 
the flavor index. 

The mass parameters mi, m2 are assumed to be real. In addition we will 
assume 

Am = mi — m2 ^ g^/C ■ (8.1.3) 

Simultaneously, Am <^ (mi + m2)/2. There are two vacua in this theory: in 
the first vacuum 

a = -^mi, gi = v^, ^2 = 0, (8.1.4) 

and in the second one 

a^-V2m2, gi=0, q2 ^ ■ (8-1-5) 

The vacuum expectation value (VEV) of the field q vanishes in both vacua. 
Hereafter in search for domain wall solutions we will stick to the ansatz q = 0. 

Now let us discuss the mass spectrum in both quark vacua. Consider for 
definiteness the first vacuum, Eq. (8.1.4). The spectrum can be obtained 
by diagonalizing the quadratic form in (8.1.1). This is done in Ref. [35]; the 
result is as follows: one real component of the field q^ is eaten up by the Higgs 
mechanism to become the third components of the massive photon. Three 
components of the massive photon, one remaining component of q^ and four 
real components of the fields qi and a form one long J\f — 2 multiplet (8 
boson states + 8 fermion states), with mass 

m2 = i/e- (8.1.6) 

The second fiavor q"^, q2 (which does not condense in this vacuum) forms 
one short M —2 multiplet (4 boson states + 4 fermion states) , with mass Am 
which is heavier than the mass of the vector supermultiplet. The latter asser- 
tion applies to the regime (8.1.3). In the second vacuum the mass spectrum 
is similar — the roles of the first and the second flavors are interchanged. 

If we consider the hmit opposite to that in Eq. (8.1.3) and tend Am — > 0, 
the "photonic" supermultiplet becomes heavier than that of q^, the second 
flavor fleld. Therefore, it can be integrated out, leaving us with the theory 
of massless moduli from g^, g2, which interact through a nonlinear sigma 
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model with the Kahler term corresponding to the Eguchi-Hanson metric. 
The manifold parametrized by these (nearly) massless fields is obviously four- 
dimensional. Both vacua discussed above lie at the base of this manifold. 
Therefore, in considering the domain wall solutions in the sigma model limit 
Am — > [202, 203, 198] one can limit oneself to the base manifold, which is, 
in fact, a two-dimensional sphere. In other words, classically, it is sufficient 
to consider the domain wall in the CP(1) model deformed by a twisted mass 
term (related to a nonvanishing Am), see Fig. 9. This was first done in [203]. 
A more general analysis of the domain walls on the Eguchi-Hanson manifold 
can be found in [204]. An interesting J\f —1 deformation of the model (8.1.1) 
which was treated in the literature [205] in the quest for "confinement on the 
wall" automatically requires construction of the wall on the Eguchi-Hanson 
manifold, rather than the CP(1) wall, since in this case the two vacua of the 
model between which the wall interpolates do not lie on the base. 



8.2 Domain walls in A/" = 2 SQED 



A BPS domain wall interpolating between the two vacua of the bulk theory 
(8.1.1) was explicitly constructed in Ref. [159]. Assuming that all fields 
depend only on the coordinate z — x^, \i is possible to write the energy in 
the Bogomol'nyi form [5], 



E 



+ 



(8.2.1) 



Requiring the first two terms above to vanish gives us the BPS equations for 
the wall. Assuming that Am > we choose the upper sign in (8.2.1) to get 



2V2 



(8.2.2) 
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These first-order equations should be supplemented by the following bound- 
ary conditions: 

g^(-oo) = v^, g^(-oo) = 0, a(-cx)) = -V^mi ; 

q\oo) = 0, |g2(oo)| = V^, a(oo) = -V2m2, (8.2.3) 

which show that our wall interpolates between the two quark vacua. Here 
we use a U(l) gauge rotation to make in the left vacuum real. 

The tension is given by the total derivative term (the last one in Eq. (8.2.1)) 
which can be identified as the (1,0) central charge of the supersymmetry al- 
gebra, 

T„ = {Am. (8.2.4) 

WE can find the solution to the first-order equations (8.2.2) compatible 
with the boundary conditions (8.1.3). The range of variation of the field a 
inside the wall is of the order of Am (see Eq. (8.2.3)). Minimization of its 
kinetic energy implies this field is slowly varying. Therefore, we may safely 
assume that the wall is thick; its size R ^ 1/ g^/^. This fact will be confirmed 
shortly. 

We arrive at the following picture of the domain wall at hand. The wall 
solution has a three-layer structure [159], see Fig. 18. In the two outer layers 
— let us call them edges, they have thickness 0{{g\/^)~^) which means that 
they are thin — the squark fields drop to zero exponentially; in the inner 
layer the field a interpolates between its two vacuum values. 

Then to the leading order we can put the quark fields to zero in (8.2.2) 
inside the inner layer. The second equation in (8.2.2) tells us that a is a 
linear function of z. The solution for a takes the form 

a = -\f2 (m - ^"^^—^^ > (8-2-5) 

where the collective coordinate is the position of the wall center (and Am 
is assumed positive) . The solution is valid in a wide domain of z 

|z-^o|<|, (8.2.6) 

except narrow areas of size ~ 1/ g^f^ near the edges of the wall z — Zq — 
±R/2. 
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Figure 18: Internal structure of the domain wall: two edges (domains -^1,2) of the 
width ~ {g\/^)~^ are separated by a broad middle band (domain M) of the width 
R, see Eq. (8.2.7). 



Substituting the solution (8.2.5) in the second equation in (8.2.2) we get 



4Am 2Am 



Since Am/gy^ ^ 1, see Eq. (8.1.3), this result shows that R ^ ^/qV^, 
which justifies our approximation. This approximation will be referred to as 
the thin-edge approximation. 

Furthermore, we can now use the first relation in Eq. (8.2.2) to determine 
tails of the quark fields inside the wall. As was mentioned above, we fix the 
gauge imposing the condition that is real at z —00, see more detail 
discussion in [159]. 

Consider first the left edge (domain Ei in Fig. 18) a.t z — zo = —R/2. 
Substituting the above solution for a in the equation for we get 

2 

gi = y^e-^y'-'"^^) , (8.2.8) 

where is given by (8.1.6). This behavior is valid in the domain M, at 
{z — zq + -R/2) ^ l/g^/^, and shows that the field of the first quark flavor 
tends to zero exponentially inside the wall, as was expected. 
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By the same token, we can consider the behavior of the second quark 
flavor near the right edge of the wall 0,1 z — Zq — R/2. The first equation in 
(8.2.2) for ^ = 2 implies 

= ^e-^i'-^'-^y-''' , (8.2.9) 

which is vahd in the domain M provided that {R/2 — z + Zq) ^ l/g^/^. Here 
a is an arbitrary phase which cannot be gauged away. Inside the wall the 
second quark flavor tends to zero exponentially too. 

It is not difficult to check that the main contribution to the wall tension 
comes from the middle layer while the edge domains produce contributions 
of the order of ^^^^ which makes them neghgibly smalL 

Now let us comment on the phase factor in (8.2.9). Its origin is as follows 
[159]. The bulk theory at Am ^ has the U(l)xU(l) flavor symmetry 
corresponding to two independent rotations of two quark flavors. In both 
vacua only one quark develops a VEV. Therefore, in both vacua only one of 
these two U(l)'s is broken. The corresponding phase is eaten by the Higgs 
mechanism. However, on the wall both quarks have non-vanishing values, 
breaking both U(l) groups. Only one of corresponding two phases is eaten 
by the Higgs mechanism. The other one becomes a Goldstone mode living 
on the wall. 

Thus, we have two collective coordinates characterizing our wall solution, 
the position of the center Zq and the phase a. In the effective low-energy 
theory on the wall they become scalar fields of the worldvolume (2+1)- 
dimensional theory, zo{t,x,y) and a{t,x,y), respectively. The target space 
of the second field is 5"! . 

This wall is an 1/2 BPS solution of the Bogomol'nyi equations. In other 
words, four out of eight supersymmetry generators of the M = 2 bulk theory 
are broken. As was shown in [159], the four supercharges selected by the 
conditions 

-2 _ • 21 -1 _ • 22 

s\ = el^ie^^, (8.2.10) 

act trivially on the wall solution. They become the four supersymmetries 
acting in the (2+l)-dimensional effective worldvolume theory on the wall. 
Here e"'^ and are eight supertransformation parameters. 
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8.3 Effective field theory on the wall 

In this section we will review the (2+l)-dimensional effective low-energy the- 
ory of the moduli on the wall [159]. To this end we will make the wall 
collective coordinates zq and a (together with their fermionic superpartners) 
slowly varying fields depending on a;„ (n = 0, 1, 2), For simplicity let us con- 
sider the bosonic fields Zo{xn) and cr(a;„); the residual supersymmetry will 
allow us to readily reconstruct the fermion part of the effective action. 

Because zo{xn) and a{xn) correspond to zero modes of the wall, they have 
no potential terms in the worldsheet theory. Therefore, in fact our task is 
to derive kinetic terms, much in the same way as it was done for strings, 
see Sect. 4.4. For ZQ^Xn) this procedure is very simple. Substituting the 
wall solution (8.2.5), (8.2.8), and (8.2.9) in the action (8.1.1) and taking into 
account the Xn dependence of this modulus we immediately get 



As far as the kinetic term for a{xn) is concerned more effort is needed. We 
start from Eqs. (8.2.8) and (8.2.9) for the quark fields. Then we will have to 
modify our ansatz introducing nonvanishing components of the gauge field. 



These components of the gauge field are needed to make worldvolume action 
well-defined. They are introduced in order to cancel the x dependence of the 
quark fields far away from the wall (in the quark vacua at z ^ oo) emerging 
through the x dependence of o"(a;„), see Eq. (8.2.9). 

Thus, we introduce a new profile function x{^)- It has no role in the 
construction of the static wall solution per se. It is unavoidable, however, in 
constructing the kinetic part of the worldsheet theory of the moduli. This 
new profile function is described by its own action, which will be subject to 
minimization. This is quite similar to derivation of the worldsheet effective 
theory for non-Abelian strings, see Sect. 4.4. 

The gauge potential in Eq. (8.3.2) is pure gauge far away from the wall 
and is not pure gauge inside the wall. It does lead to a non- vanishing field 
strength. 

To ensure proper vacua at 2; — > ±oo we impose the following boundary 




(8.3.1) 



= X(^) dna{Xn) ■ 



(8.3.2) 
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conditions on the function x{z) 



X{z)^0, z^-oo, 

x{z)^-2, z^+oo. (8.3.3) 

Remember the electric charge of the quark fields is ±1/2. 

Next, substituting Eqs. (8.2.8), (8.2.9) and (8.3.2) in the action (8.1.1) 
we arrive at 



CO- 

'^2+1 



X 



J dz [y,id.xr + X^kT + (2 + xr\qr] ■ (8.3.4) 



The expression in the second hne must be considered as an "action" for the 
X profile function. 

Our next task is to explicitly find the function x- To this end we have to 
minimize (8.3.4) with respect to x- This gives the following equation: 

-dh + /xkT + /(2 + X) kT = . (8.3.5) 

The equation for x is of the second order. This is because the domain wall 
is no longer BPS state once we switch on the dependence of the moduh on 
the "longitudinal" variables Xn- 

To the leading order in gy/^/ Am the solution of Eq. (8.3.5) can be ob- 
tained in the same manner as it was done previously for other profile func- 
tions. Let us first discuss what happens outside the inner part of the wall. 
Say, aX, z — zq':^ R/2 the profile \q^\ vanishes while \q^\ is exponentially close 
to and, hence, 

X ^ -2 + const 6-"^^^^-^°) . (8.3.6) 

Ai zq — z ^ R/2 the profile function x off exponentially to zero. Thus, 
outside the inner part of the wall, at -ZqI ^ -R/2, the function x approaches 
its boundary values with the exponential rate of approach. 

Of most interest, however, is the inside part, the middle domain M (see 
Fig. 18). Here both quark profile functions vanish, and Eq. (8.3.5) degener- 
ates into dix = 0. As a result, the solution takes the form 

X = -l-2^. (8.3.7) 
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In the narrow edge domains E12 the exact x profile smoothly interpolates 
between the boundary values, see Eq. (8.3.6), and the linear behavior (8.3.7) 
inside the wall. These edge domains give small corrections to the leading 
term in the action. 

Substituting the solution (8.3.7) in the x action, the second hne in Eq. 
(8.3.4), we finally arrive at 



" Am 



j d'x^idnaf. (8.3.8) 



As well-known [209], the compact scalar field a{t,x,y) can be reinter- 
preted to be dual to the (2+l)-dimensional Abelian gauge field living on the 
wall. The emergence of the gauge field on the wall is easy to understand. 
The quark fields almost vanish inside the wall. Therefore the U(l) gauge 
group is restored inside the wall while it is Higgsed in the bulk. The dual 
U(l) is in the confinement regime in the bulk. Hence, the dual U(l) gauge 
field is localized on the wall, in full accordance with the general argument of 
Ref. [11]. The compact scalar field a{xn) living on the wall is a manifestation 
of this magnetic localization. 

The action in Eq. (8.3.8) imphes that the coupling constant of our effective 
U(l) theory on the wall is given by 



e2 = 47r2 ^ . (8.3.9) 
Am ^ ^ 

In particular, the definition of the (2+l)-dimensional gauge field takes the 
form 

Fi^'^ = fenmkd'a. (8.3.10) 

This finally leads us to the following effective low-energy theory of the moduli 
fields on the wall: 

-^2+1 = / { Y ^^"-"o)' + (Fim'^f + fermion termsj . (8.3.11) 

The fermion content of the worldvolume theory is given by two three-dimen- 
sional Majorana spinors, as is required by A/" = 2 in three dimensions (four 
supercharges, see (8.2.10)). The full worldvolume theory is a U(l) gauge 
theory in (2 + 1) dimensions, with four supercharges. The Lagrangian and 
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the corresponding superalgebra can be obtained by reducing four-dimensional 
jV = 1 SQED (with no matter) to three dimensions. 

The field zq in (8.3.11) is the J\f = 2 superpartner of the gauge field An- 
To make it more transparent we make a rescaling, introducing a new field 

a2+i = 27r^Zo- (8.3.12) 
In terms of a2+i the action (8.3.11) takes the form 

^2+1 -Jd'^[^ i9na2+if + ^ + fermiousj . (8.3.13) 

The gauge coupling constant has dimension of mass in three dimensions. 
A characteristic scale of massive excitations on the worldvolume theory is 
of the order of the inverse thickness of the wall 1/i?, see (8.2.7). Thus, 
the dimensionless parameter that characterizes the coupling strength in the 
worldvolume theory is e^R, 

e^R^]^_ (8.3.14) 
9 

This can be interpreted as a feature of the bulk-wall duality: the weak 
coupling regime in the bulk theory corresponds to strong coupling on the wall 
and vice versa [159, 210]. Of course, finding explicit domain wall solutions 
and deriving the effective theory on the wall assumes weak coupling in the 
bulk, <^1. In this limit the worldvolume theory is in the strong coupling 
regime and is not very useful. 

The fact that each domain wall has two bosonic collective coordinates — 
its center and the phase — in the sigma model limit was noted in [197, 203]. 

To summarize, we showed that the worldvolume theory on the domain 
wall is the U(l) gauge theory (8.3.13) with extended supersymmetry, J\f = 2 . 
Thus, the domain wall in the theory (8.1.1) presents an example of a field- 
theoretic D brane: it localizes a gauge field on its worldvolume. In string 
theory gauge fields are localized on D branes because fundamental open 
strings can end on D branes. It turns out that this is also true for field- 
theoretic "D branes." In fact, various junctions of field-theoretic strings (fiux 
tubes) with domain walls were found explicitly [198, 159, 37]. We will review 
1/4-BPS junctions in Sect. 9. Meanwhile, in the remainder of this section 
we will consider non-Abelian generalizations of the localization effect for the 
gauge fields. 
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8.4 Domain walls in the U(A^) gauge theories 

In this section we will review the domain walls m.M — 2 QCD (see Eq. (4.1.7)) 
with the U(A'^) gauge group. We assume that the number of the quark 
flavors in this theory Nf > N, so the theory has many vacua of the type 
(4.1.11), (4.1.14) depending on which N quarks out of Nf develop VEV's. 
We can denote different vacua as {A^, A2, A^) specifying which quark 
flavors develop VEV's. First, we will consider a general case assuming all 
quark masses to be different. 



8.4.1 Non-degenerate masses 

Let us arrange the quark masses as follows: 

mi > 1712 > ■■■ > TTT'Nf (8.4.1) 

In this case the theory (4.1.7) has 

NA 

^ (8.4.2) 



N\{Nf-N)\ 
isolated vacua. 

Domain walls interpolating between these vacua were classifled in [201]. 
Below we will review this classiflcation. 

The Bogomol'nyi representation of the action (4.1.7) leads to the flrst- 
order equations for the wall conflgurations [211], see also [37], 



dzV^ = — ^ (aaT" + a + V2mA^ 



d.a = --^(|^^|2-2e), (8.4.3) 

where we used the ansatz (4.2.1) and introduced a single quark fleld (p^^ 
instead of two flelds g*^^ and qAk- These walls are 1/2 BPS. The wall tensions 
are given by the surface term 

T^ = V2^ J dz d,a . (8.4.4) 
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They can be written as [201] 



Tw = e^m, (8.4.5) 
where we use (4.1.11) and m — (mi, ...,mNf) while 

Nf-l 

^= 5Z km 

i=l 

Here ki are integers while ctj are simple roots of the SU(Ary.) algebra, 

«i = (1,-1,0,...,0), 
«2 = (0,1,-1,...,0),..., 
aNf-1 = (0,..., 0,1,-1). (8.4.7) 

Elementary walls arise if one of /cj's reduces to unity while all other integers 
in the set vanish. The tensions of the elementary walls are 

Ti^C{mi-mi+,). (8.4.8) 

The i-th elementary wall interpolates between the vacua (..., i, ...) and + 
1, ...). All other walls can be considered as a composite states of elementary 
walls. 

As an example let us consider the theory (4.1.7) with the U(2) gauge 
group and Nf — 4. Explicit solutions for the elementary walls in the limit 

(mi-mi+i) >^ye (8.4.9) 

where obtained in [37]. They have the same three-layer structure as in the 
Abelian case, see Sect. 8.2. Say, the elementary wall interpolating between 
the vacua (1,2) and (1,3) has the following structure. In the left edge domain 
quark (/?^ varies from its VEV to zero exponentially, while in the right 
edge domain the quark (p^ evolves from zero to its VEV y^. In the broad 
middle domain the fields a and linearly interpolate between their VEV's 
in two vacua. A novel feature of the domain wall solution as compared to the 
Abehan case (see Sect. 8.2) is that the quark field does not vanish both 
outside and inside the wall. 

The solution for the elementary wall has two real moduli much in the 
same way as in the Abelian case: the wall center zq and a compact phase. 



(8.4.6) 
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The phase can be rewritten as a U(l) gauge field. Therefore, the effective 
theory on the elementary wall is of the type (8.3.13), as in the Abelian case. 
The physical reason behind the localization of the U(l) gauge field on the 
wall worldvolume is easy to understand. Since the quark does not vanish 
inside the wall only an appropriately chosen U(l) field, namely {An — A^), 
which does not interact with this quark field can propagate freely inside the 
wall. 

In the case of generic quark masses for composite domain walls the ef- 
fective worldvolume theory contains U(l) gauge fields associated with each 
elementary wall. However the metric on the moduli space can be more com- 
plicated. For example the metric for the cti -|- 0:2 composite wall was shown 
[203, 212] to have a cigar-like geometry. 

8.4.2 Degenerate masses 

Now let us consider the case of degenerate quark masses. As we know from 
Sect. 4.1 the non- Abelian gauge group is not broken in this case by adjoint 
fields. It turns out that in this case certain composite domain walls can 
localize non- Abelian gauge fields [37] . 

Let us consider the following choice of quark mass parameters: 

mi = m2 , 

1713=1714, 

Am = mi-m3>0, (8.4.10) 

assuming the condition Am » gy/^ to be satisfied for both the Abehan 
and non- Abelian coupling constants gi and g2. For this degenerate choice 
of masses four out of six isolated vacua of the theory with non-degenerate 
masses coalesce. 

This theory has two isolated vacua (1, 2) and (3, 4) with unbroken S\J{2)c+f 
symmetry while other four vacua coalesce and a Higgs branch is developed 
from the common root. We will denote this Higgs branch as {A,B), where 
^ = 1,2 and 5 = 3,4. 

The elementary domain walls interpolating between the (1, 2) and {A, B) 
vacua (or between the {A,B) and (3,4)) have the same structure as ele- 
mentary walls described above for the theory with non-degenerate masses. 
Following [37] we will be mostly interested in the composite (1,2) (3,4) 
wall which is a bound state of two elementary walls mentioned above. 
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The solution of the first-order equations (8.4.3) for this wall has a familiar 
three-aycr structure similar to the solutions for the elementary walls. Now 
all quark fields vanish inside the wall. The solution for the a fields in the 
middle domain M is given by 

a — — -s/2[mi — Am ° 

V ^ 

= 0, (8.4.11) 

where we introduce the thickness R of the composite wall, to be considered 
large, R ^ l/fi'V^j see below. The equation for in (8.4.3) is trivially 
satisfied, while the equation for a yields 

2Am 

R^^, (8.4.12) 
9i s 

demonstrating that indeed R^ 1/ gy/^. 

Substituting the above solutions in the first two equations in (8.4.3) we 
determine the fall-off of the quark fields inside the wall. Namely, near the 
left edge at {z-zo + R/2) > l/g^/l 

(^'=^= 1^ J ° j e-^H°+^)', ^=1,2, (8.4.13) 

while near the right edge at {R/2 — z + Zq) 1/ g\/^ 

^•^B = ^{U)^^e'^('~'°'^y , 5 = 3,4, (8.4.14) 

where f/ is a matrix from the U(2) global fiavor group, which takes into 
account possible fiavor rotations inside the fiavor pair B = 3,4. It can be 
represented as product of a U(l) phase factor and a matrix U from SU(2) 

U^e'^^U. (8.4.15) 

This matrix is parametrized by four phases, cxo plus three phases residing in 
the matrix U. 

The occurrence of these four wall moduli — one related to U(l) and 
three to SU(2) — is quite similar to the occurrence of one U(l) phase a 
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for the domain wall in the Abclian theory, see Sect. 8.2. In [37] these four 
moduli were identified with (2+l)-dimensional gauge fields living on the wall 
worldvolume. Namely, the phase (Tq is identified with the U(l) gauge field 
while the SU(2) matrix U gives rise to a non-Abelian SU(2) gauge field. 

Thus, we get four gauge fields locahzed on the wall. The physical inter- 
pretation of this result is as follows. The quark fields are condensed outside 
the 12 34 wall while inside they (almost) vanish. Therefore both the U(l) 
and SU(2) gauge fields of the bulk theory are Higgsed in the bulk while they 
can freely propagate inside the wall. 

The worldvolume theory derived in [37] for the composite wall has the 
form 



in terms of the parameters of the bulk theory. The domain wall is a 1/2- 
BPS object so it preserves four supercharges on its worldvolume. Thus, we 
must have the extended M = 2 supersymmetry with four supercharges in the 
(2-|-l)-dimensional worldvolume theory. This is in accord with Eq. (8.4.16) 
in which the U(l) and SU(2) gauge fields are combined with the scalar fields 
02+1 and 02+1 form the bosonic parts oi M = 2 vector multiplets. 

A few comments are in order here. The first comment refers to four 
non-compact moduli a, a" which emerged in Eq. (8.4.16). We can exploit 
gauge transformations in the worldvolume theory to put two of them to 
zero, say Cg+i = 0. The other two 03+1 and 02+1 should be identified with 
(linear combinations of) two centers of the elementary walls comprising our 
composite wall. More exactly, as 02+1 has no interactions whatsoever it is to 
be identified with the center of mass of the composite wall. 




+ A- m'^] " + A- K^^^l ' + fermionsj , (8.4.16) 



where (2-|-l)-dimensional couplings are given by 






02+1 = (^1 + Z2), 



(8.4.18) 
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where Zi and Z2 are the positions of the elementary walls forming the com- 
posite wall, while Oj+i can be identified with the relative separation between 
the elementary walls, 

«2+i = 7re-(^i-;22). (8.4.19) 

92 

The second comment is devoted to a technical element of the derivation 
of Eq. (8.4.16) in [37]. In fact, this worldvolume action was obtained by 
a procedure similar to the one described in Sect 8.3 for the Abelian case, 
only at the quadratic level (i.e. omitting non- Abelian nonlinearities) . To 
recover cubic and quartic (truly non-Abelian) terms in Eq. (8.4.16) and thus 
rigorously prove the non-Abelian nature of the worldvolume theory one needs 
to go beyond the quadratic approximation. 

Nevertheless, there are rather convincing general arguments showing that 
the suggestion made in [37] is correct. First, the number of fields matches. 
We have four compact phases and two non-compact centers. Upon du- 
alization, they fit into a vector multiplet of 3D J\f — 2 theory with the 
SU(2)xU(l) gauge group. Say, if the gauge group was U(l)'^ (as in the 
case of non-degenerate masses, see [201]) we would have four phases and four 
non-compact coordinates. Thus, the non-Abelian gauge symmetry of the 
worldvolume theory, in effect, is supported by supersymmetry. Second, there 
are only two distinct coupling constants in (8.4.16) rather then four. This 
also indicates that three phases, upon dualization, should be united in the 
SU(2) gauge theory. 

A 1/4-BPS solution for a junction of the non-Abelian string (discussed in 
Sect. 4) with the composite wall described above is found in [37]. Thus, the 
non-Abehan string can end on the composite (1, 2) — > (3, 4) wall in the theory 
with degenerate masses, see (8.4.10). Since the non-Abelian string carries 
a non-Abelian flux with arbitrary direction of the magnetic flux inside the 
SU(2) gauge group this becomes still another argument in favor of localization 
of the non-Abelian gauge fields on the worldvolume of the composite wall. 

^^In the case of non-degenerate masses the composite (1,2) (3,4) wah is a bound 
state of four elementary walls, see [201]. However, two of them disappear in the limit 
(8.4.10). 
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9 Wall-string junctions 



In Sect. 8 we reviewed the construction of D-brane prototypes in field theory. 
In string theory D branes are extended objects on which fundamental strings 
can end. To make contact with this string/brane picture one may address 
a question whether or not solitonic strings can end on a domain wall which 
localizes gauge fields. The answer to this question is yes. Moreover, the string 
endpoint plays a role of a charge with respect to the gauge field localized on 
the wall surface. This issue was studied in [198] in the sigma-model setup 
and in [200] for gauge theories at strong coupling. A solution for a 1/4- 
BPS wall-string junction in the A/" = 2 supersymmetric U(l) gauge theory 
at week coupling was found in [159], while [37] deals with its non-Abelian 
generalization. Further studies of the wall-string junctions was carried out 
in [160] where all 1/4-BPS solution to Eqs. (4.5.5) were obtained, and in 
[201, 213] where the energy associated with the wall-string junction (boojum) 
was calculated, and in [214, 210] where a quantum version of the effective 
theory on the domain wall worldvolumc which takes into account charged 
matter (strings of the bulk theory) was derived. Below we will review the 
wall-string junction solutions and then briefly discuss how the presence of 
strings in the bulk modifies the effective theory on the wall. 

9.1 Strings ending on the wall 

To begin with, let us review the solution for the simplest 1/4-BPS wall-string 
junction in J\f — 2SQED obtained in [159]. As was discussed in Sect. 8 in 
both vacua of the theory the gauge field is Higgsed while it can spread freely 
inside the wall. This is the physical reason why the ANO string carrying a 
magnetic fiux can end on the wall. 

Assume that at large distances from the string endpoint which lies at 
r — 0, z — the wall is almost parallel to the (xi, X2) plane while the string 
is stretched along the z axis. As usual, we look for a static solution assuming 
that all relevant fields can depend only on a;„, (n = 1,2,3). The Abelian 
version of the first-order equations (4.5.5) in various 1/4-BPS junctions for 
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the theory (8.1.1) is [159] 

F* - iF; - V2(di - id2)a = , 

(|/r-e)-v^93a = o, 

(Vi-iV2)/ = 0. (9.1.1) 

These equations generahze the first-order equations for the wall (8.2.2) and 
the Abelian ANO string. 

Needless to say, the solution of the first-order equations (9.1.1) for a 
string ending on the wall can be found only numerically especially near the 
end point of the string where both the string and the wall profiles are heavily 
deformed. However, far away from the string endpoint, deformations are 
weak and we can find the asymptotic behavior analytically. 

Let the string be on the z > side of the wall, where the vacuum is given 
by Eq. (8.1.5). First note that in the region z oo far away from the string 
endpoint at z ~ the solution to (9.1.1) is given by an almost unperturbed 
ANO string. Now consider the domain r — > oo at small z. In this domain 
the solution to (9.1.1) is given by a perturbation of the wall solution. Let us 
use the ansatz in which the solutions for the fields a and q"^ are given by the 
same equations (8.2.5), (8.2.8) and (8.2.9) in which the size of the wall is still 
given by (8.2.7), and the only modification is that the position of the wall Zq 
and the phase a now become slowly-varying functions of r and a, the polar 
coordinates on the (xi, X2) plane. It is quite obvious that zq will depend only 
on r, as schematically depicted in Fig. 19. 

Substituting this ansatz into the first-order equations (9.1.1) one arrives 
at the equations which determine the adiabatic dependence of the moduli Zq 
and (T on r and a [159], 

a... = -^, (9.1.2) 

da da , , 

Needless to say our adiabatic approximation holds only provided the r 
derivative is small, i.e. sufficiently far from the string, ^ 1. The solution 
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Figure 19: Bending of the wall due to the string-wall junction. The flux tube 

extends to the right infinity. The wall profile is logarithmic at transverse dis- 
tances larger than ^~^/^ from the string axis. At smaller distances the adiabatic 
approximation fails. 

to Eq. (9.1.2) is straightforward, 

Zq — — ^— \nr -\- const. (9.1.4) 
Am 

We see that the wall is logarithmically bent according to the Coulomb law 
in 2-1-1 dimensions (see Fig. 19). This bending produces a balance of forces 
between the string and the wall in the z direction so that the whole config- 
uration is static. The solution to Eq. (9.1.3) is 

(7 = a. (9.1.5) 

This vortex solution is certainly expected and welcome. One can identify 
the compact scalar field a with the electric field living on the domain wall 
worldvolume via (8.3.10). Equation (9.1.5) implies 

^(2+1) _ _^ ^ 1 61 

for this electric field, where the (2+l)-dimensional couphng is given by 
(8.3.9). 

This is the field of a point-like electric charge in 2+1 dimensions placed 
at Xi — 0. The interpretation of this result is that the string endpoint on 
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the wall plays a role of the electric charge in the dual U(l) theory on the 
wall. From the standpoint of the bulk theory, when the string ends on the 
wall, the magnetic flux it brings with it spreads out inside the wall via the 
Coulomb law in (2+1) dimensions. 

Prom the above discussion it is clear that in the worldvolume theory 
(8.3.13), the fields (9.1.4) and (9.1.6) can be considered as produced by clas- 
sical point-like charges which interact in a standard way with the electro- 
magnetic field An and the scalar field 02+1, 

+ Anjn-a2+ipY (9.1.7) 

where the classical electromagnetic current and the charge density of static 
charges are 

Ux) = ne{5=^(a;), 0, 0} , pix) = JisS^ix) . (9.1.8) 

Here Ug and are electric and scalar charges associated with the string 
endpoint with respect to the electromagnetic field and the scalar field a, 
respectively [210], 

Ue — +1, incoming flux. 

He — —1, outgoing flux, (9.1.9) 

while their scalar charges are 

Us — +1, string from the right. 

Us — —1, string from the left. (9.1.10) 

These rules are quite obvious from the perspective of the bulk theory. The 
anti-string carries the opposite flux to that of a string in (9.1.6) and the 
bending of the wall produced by the string coming from the left is opposite 
to the one in (9.1.4) associated with the string coming from the right. 

9.2 Boojum energy 

Let us now calculate the energy of the wall-string junction, the boojum. 
There are two distinct contributions to this energy [213]. The first contribu- 
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tion is due to the gauge field (9.1.6), 



4+1) = / iTZ^iFoif 27rr dr 

The integral J dr/r is logarithmically divergent both in the ultraviolet and 
infrared. It is clear that the UV divergence is cut off at the transverse size 
of the string ~ l/s'v^ and presents no problem. However, the infrared 
divergence is much more serious. We introduced a large size L to regularize 
it in (9.2.1). 

The second contribution, due to the Zq field (9.1.4), is proportional to 
J dr/r too. 

Both contributions are logarithmically divergent in the infrared. Their oc- 
currence is an obvious feature of charged objects coupled to massless fields 
in (2 + 1) dimensions due to the fact that the fields An and a2+i do not die 
off at infinity, which means infinite energy. 

The above two contributions are equal (with the logarithmic accuracy), 
even though their physical interpretation is different. The total energy of the 
string junction is 

B°*" = |^to(9V?i). (9.2.3) 

We see that in our attempt to include strings as point-like charges in the 
world volume theory (9.1.7) we encounter problems already at the classical 
level. The energy of a single charge is IR divergent. It is clear that the 
infrared problems will become even more severe in quantum theory. 

A way out was suggested in [213, 210]. For the infrared divergences to 
cancel we should consider strings and anti-strings with incoming and outgoing 
fluxes as well as strings coming from the right and from the left. Clearly, 
only conflgurations with total both electric and scalar charges zero have finite 
energy (see (9.1.9) and (9.1.10)). 
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In fact, it was shown in [213] that the configuration depicted in Fig. 20 is 
a non-interacting 1/4-BPS configuration. All logarithmic contributions are 
canceled; the junction energy in this geometry is given by a finite negative 
contribution 

Q_ 

-Am, (9.2.4) 

9^ 

which is called the hoojuin energy. In fact this energy was first calculated in 
[201]. A procedure allowing one to separate this finite energy from logarith- 
mic contributions described above (and make it well-defined) was discussed 
in [213]. 




Figure 20: String and anti-string ending on the wall from different sides. Arrows 
denote the direction of the magnetic flux. 



9.3 Finite-size rigid strings stretched between the walls. 
Quantizing string endpoints 

Now, after familiarizing ourselves with the junctions of the BPS walls with 
the semi-infinite strings, the boojums, we can ask whether or not the junction 
can acquire a dynamical role. Is there a formulation of the problem in which 
one can speak of a junction as of a particle sliding on the wall? 

The string energy is its tension (4.2.12) times its length. If we have a 
single wall, all strings attached to it have half-infinite length; therefore, they 
are infinitely heavy. In the wall worldvolume theory (9.1.7) they may be seen 
as classical infinitely heavy point-like charges. The junctions are certainly 
non-dynamical objects in this case. 
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In order to be able to treat junctions as "particles" we need to make 
strings "light" and deprive them of their internal dynamics, i.e. switch off 
all string excitations. It turns out a domain in the parameter space is likely 
to exist where these goals can be achieved. 

In this section we will review a quantum version of the worldvolume theory 
(9.1.7) with additional charged matter fields. The latter will represent the 
junctions on the wall worldvolume [214, 210] (of course, the junctions have 
strings of the bulk theory attached to them; these strings will be rigid). 

Making string masses finite is prerequisite. To this end one needs at least 
two domain walls at a finite distance from each other with strings stretched 
between them. This scenario was suggested in [214]. A quantum version 
of the wall worldvolume theory in which the strings were represented by a 
charged chiral matter superfield in 1+2 dimensions was worked out. However, 
in the above scenario the strings were attached to each wall from one side. 
Prom the discussion in Sect. 9.2 it must be clear that this theory is not free 
from infrared problems. The masses of (1+2) dimensional charged fields are 
infinite. 

To avoid these infinities we need a configuration with strings coming both 
from the right and from the left sides of each wall. This configuration was 
suggested in [210], see Fig. 21. 

Let us describe this set-up in more detail. First, we compactify the — z 
direction in our bulk theory (8.1.1) on a circle of length L. Then we consider 
a pair "wall plus antiwall" oriented in the {xi, X2} plane, separated by a 
distance / in the perpendicular direction, as shown in see Fig. 21. The wall 
and antiwall experience attractive forces. Strictly speaking, this is not a 
BPS configuration — supersymmetry in the worldvolume theory is broken. 
However, the wall-antiwall interaction due to overlap of their profile functions 
is exponentially suppressed at large separations, 

L~Z>i?, (9.3.1) 

where R is the wall size (see Eq. (8.2.7)). In what follows we will neglect 
exponentially suppressed effects. If so, we neglect the effects which break 
supersymmetry in our (2+l)-dimensional worldvolume theory. Thus, it con- 
tinues to have four conserved supercharges (A/" = 2 supersymmetry in (2+1) 
dimensions) as was the case for the isolated single wall. 

Let us denote the wall position as zi while that of the antiwall as Z2- 
Then 

I — Z2 — Zi . 
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anti-wall 



Figure 21: A wall and antiwall connected by strings on the cylinder. The circum- 
ference of the circle (the transverse slice of the cylinder) is L. 



On the wall worldvolume zi^2 become scalar fields. The kinetic terms for 
these fields in the worldvolume theory are obvious (see (8.3.11)), 



1 



(1,2) 



(<9„a 



2+1 y 



(9.3.2) 



where we use (8.3.12) to define the fields 02+1 . The sum of these fields, 



V2 



''2+1 



+ a. 



(1) 
2+1 



with the corresponding superpartners, decouples from other fields forming a 
free field theory describing dynamics of the center-of-mass of our construc- 
tion. This is a trivial part which will not concern us here. 
An interesting part is associated with the field 

a_ = (a?i - a'il) . (9.3.3) 

The factor 1/^2 ensures that a_ has a canonically normalized kinetic term. 
By definition, it is related to the relative wall-antiwall separation, namely, 

27re 



V2 



I. 



(9.3.4) 
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Needless to say, a_ has all necessary J\f — 2 superpartners. In the bosonic 
sector we introduce the gauge field 

An - ^ (4^) - 4^^) , (9.3.5) 

with the canonically normalized kinetic term. The strings stretched between 
the wall and antiwall, on both sides, will be represented by two chiral su- 
perfields, S and S, respectively. We will denote the corresponding bosonic 
components by s and s. 

In terms of these fields the quantum version of the theory (9.1.7) is com- 
pletely determined by the charge assignments (9.1.9) and (9.1.10) and jV' = 2 
super symmetry. The charged matter fields have the opposite electric charges 
and distinct mass terms, see below. A mass term for one of them is intro- 
duced by virtue of a "real mass," a three-dimensional generalization of the 
twisted mass in two dimensions [32] . It is necessary due to the fact that there 
are two inter- wall distances, I and L — I. The real mass breaks parity. The 
bosonic part of the action has the form 



_ 2 



+ 2aiss + 2(m-a_)2ss + e2(|s|2- (9.3.6) 

According to our discussion in Sect. 9.1, the fields s and s have charges 
and —1 with respect to the gauge fields and An \ respectively. Hence, 

P„ = 9„ + i(AW-4^))=9„ + iv^A;. (9.3.7) 

The electric charges of boojums with respect to the field A~ are ±-\/2. The 
last term in (9.3.6) is the D term dictated by supersymmetry. 

So far, m is a free parameter whose relation to L will be determined 
shortly. Moreover, = dmA~ — dnA^. The theory (9.3.6) with the pair 
of chiral multiplets S and S is free of IR divergences and global Z2 anomalies 
[90, 92]. At the classical level it is clear from our discussion in Sect. 9.2. A 
version of the worldvolume theory (9.3.6) with a single supermultiplet S was 
considered in Ref. [214] but, as was mentioned, this version is not free of IR 
divergences. 



204 



It is in order to perform a crucial test of our theory (9.3.6) by calculating 
the masses of the charged matter multiplets S and S. From (9.3.6) we see 
that the mass of S is 

ms = V2 (a_) . (9.3.8) 
Substituting here the relation (9.3.4) we get 

ms = 27r^L (9.3.9) 

The mass of the charged matter field S reduces to the mass of the string of 
the bulk theory stretched between the wall and antiwall at separation I, see 
(4.2.12). Great success! Of course, this was expected. Note that this is a 
nontrivial check of consistency between the worldvolume theory and the bulk 
theory. Indeed, the charges of the strings endpoints (9.1.9) and (9.1.10) are 
unambiguously fixed by the classical solution for the wall-string junction. 

Now, imposing the relation between the free mass parameter m in (9.3.6) 
and the length of the compactified z-direction L in the form 

m^—^L (9.3.10) 
v2 

we get the mass of the chiral field S to be 

ms ^ 2n^ {L - I) . (9.3.11) 

The mass of the string S connecting the wall with the antiwall from the other 
side of the cylinder is the string tension times (L — l), in full accordance with 
our expectations, see Fig. 21. 

The theory (9.3.6) can be considered as an effective low-energy (2-|-l)- 
dimensional description of the wall-antiwall system dual to the (3-|-l)-dimen- 
sional bulk theory (8.1.1) under the choice of parameters specified below 
(Fig. 22). Most importantly, we use the quasiclassical approximation in our 
bulk theory (8.1.1) to find the solution for the string- wall junction [159] and 
derive the wall-antiwall worldvolume effective theory (9.3.6). This assumes 
weak coupling in the bulk, <^ 1. According to the duality relation (8.3.14) 
this implies strong coupling in the worldvolume theory. 

In order to be able to work with the worldvolume theory we want to 
continue the theory (9.3.6) to the weak coupling regime, 

e2«i, (9.3.12) 
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which means strong coupUng in the bulk theory, (7^ ^ 1. The general idea is 
that at ^ 1 we can use the bulk theory (8.1.1) to describe our wall-antiwall 
system while at ^ 1 we better use the worldvolume theory (9.3.6). In 
[210] this set-up was termed bulk-brane duality. In spirit — albeit not in 
detail — it is similar to the AdS/CFT correspondence. 

In order for the theory (9.3.6) to give a correct low-energy description of 
the wall-antiwall system the masses of strings (including boojums) in this 
theory should be much less than the masses of both the wall and string 
excitations. These masses are of order of 1/R and uikk = k/l ~ k/{L — 
I), respectively, where k is an integer. The high mass gap for the string 
excitations make strings rigid. 

These constraints were studied in [210]. It was found that for the con- 
straints to be satisfied different scales of the theory must have a hierarchy 
shown in Fig. 22. 
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Figure 22: Mass scales of the bulk and worldvolume theories. 

The scales Am, and e|_,_]^ ~ ^/Ani are determined by the string and 
wall tensions in our bulk theory, see (4.2.12) and (8.2.4). In particular, the 
(2-|-l)-dimensional coupling is determined by the ratio of the wall tension 
to the square of the string tension, as follows from Eqs. (8.3.11) and (8.3.12). 
Since the strings and walls in the bulk theory are BPS-saturated, they receive 
no quantum corrections. Equations (4.2.12) and (8.2.4) can be continued to 
the strong coupling regime in the bulk theory. Therefore, we always can take 
such values of parameters Am and that the conditions 

e2<y^<Am (9.3.13) 

are satisfied. 

To actually prove duality between the bulk theory (8.1.1)and the world- 
volume theory (9.3.6) we only need to prove the condition 

(9.3.14) 
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which ensures that strings are hghter than the wall excitations. This will give 
us the hierarchy of the mass scales shown in Fig. 22. With the given values of 
the parameters Am and we have another free parameter of the bulk theory 
to ensure (9.3.14), namely, the coupling constant g^. However, the scale 
1/ R (the mass scale of various massive excitations living on the wall) is not 
protected by supersymmetry and we cannot prove that the regime (9.3.14) 
can be reached at strong coupling in the bulk theory. Thus, the above bulk- 
brane duality is in fact a conjecture essentially equivalent to the statement 
that the regime (9.3.14) is attainable under a certain choice of parameters. 
Note, that if the condition (9.3.14) is not met, the wall excitations become 
hghter than the strings under consideration, and the theory (9.3.6) does not 
correctly describe low-energy physics of the theory on the walls. 



9.4 Quantum boojums. Physics of the worldvolume 
theory 

What is a boojum loop? 

Let us integrate out the string multiplets S and S and study the effective 
theory for the U(l) gauge supermultiplet at scales below m.,.. As long as the 
string fields enter the action quadratically (if we do not resolve the algebraic 
equations for the auxiliary fields) the one-loop approximation is exact. 

Integration over the charged matter fields in (9.3.6) leads to generation 
of the Chern-Simons term [88, 89, 90] with the coefficient proportional to 



1 

47r 



sign (a) sign (m - a) £nmk\draAj^ 



(9.4.1) 



Another effect related to the one in (9.4.1) by supersymmetry is generation 
of a non- vanishing D-term, 



D 

2^ 



m — a_ — a_ 



D 
2^ 



m — 2a_) , 



(9.4.2) 



where D is the D-component of the gauge supermultiplet. As a result we get 
from (9.3.6) the following low-energy effective action for the gauge multiplet: 



'2+1 



2e2(a_) 



{dna-f + 



4e2(a_) 



[F- f 

\ mnJ 



(2a_ — m) 



(9.4.3) 
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where we also take into account a finite renormalization of the bare couphng 
constant [215, 216, 92], 



1 



1 



1 



1 



(9.4.4) 




+ 



87r|m — a_ 



This is a small effect since 1/e^ is the largest parameter (see Fig. 22). 
Note that the coefficient in front of the Chern-Simons term is an integer 
in Eq. (9.4.3) (in the units of l/(27r)) as required by gauge invariance. 

The most dramatic effect in (9.4.3) is the generation of a potential for 
the field a_. Remember a_ is proportional to the separation / between the 
walls. The vacuum of (9.4.3) is located at 



There are two extra solutions at a_ = and a_ = m, but they lie outside 
the limits of applicability of our approach. 

We see that the wall and antiwall are pulled apart; they want to be 
located at the opposite sides of the cylinder. Moreover, the potential is 
quadratically rising with the deviation from the equilibrium point (9.4.5). 
As was mentioned in the beginning of this section, the wall and anti-wall 
interact with exponentially small potential due to the overlap of their profiles. 
However, these interactions are negligibly small at / ^ as compared to the 
interaction in Eq. (9.4.3). The interaction potential in (9.4.3) arises due to 
virtual pairs of strings ("boojum loops") which pulls the walls apart. 

Clearly, our description of strings in the bulk theory was purely classical 
and we were unable to see this quantum effect. The classical and quantum 
interaction potential of the wall-antiwall system is schematically shown in 
Fig. 23. The quantum potential induced by virtual string loop is much larger 
than the classical exponentially small WW attraction at separations Z ~ L/2. 
The quantum effect stabilizes the classically unstable WW system at the 
equilibrium position (9.4.5). 

Note, that if the wall-antiwall interactions were mediated by particles they 
would have exponential fall-off at large separations I (there are no massless 
particles in the bulk). Quadratically rising potential would never be gener- 
ated. In our case the interactions are due to virtual pairs of extended objects 
- strings. Strings are produced as rigid objects stretched between walls. The 
string excitations are not taken into account as they are too heavy. The fact 





(9.4.5) 
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Figure 23: Classical and quantum wall-antiwall interaction potential. The dashed 
line depicts the classical exponentially small potential while the solid line the 
quantum potential presented in Eq. (9.4.3). 

that the strings come out in our treatment as rigid objects rather than local 
particle-like states propagating between the walls is of a paramount impor- 
tance. This is the reason why the wall-antiwall potential does not fall off 
at large separations. Note, that a similar effect, power-law interactions be- 
tween the domain walls in A/" = 1 QCD were recently obtained via a two-loop 
calculation in the effective worldvolume theory [217]. 

The presence of the potential for the scalar field a_ in Eq. (9.4.3) makes 
this field massive, with mass 

m„--. (9.4.6) 

TT 

By supersymmetry, the photon is no longer masslcss too, it acquires the same 
mass. This is associated with the Chern-Simons term in (9.4.3). As it is clear 
from Fig. 22, rUa <^ rUg . This shows that integrating out massive string fields 
in (9.3.6) to get (9.4.3) makes sense. 

Another effect seen in (9.4.3) is the renormalization of the coupling con- 
stant which results in a non-flat metric. Of course, this effect is very small 
in our range of parameters since rris ^ e^. Still we see that the virtual 
string pairs induce additional power interactions between the walls through 
the nontrivial metric in (9.4.3). 
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10 Conclusions 



This concludes our travel diary in the land of supersymmetric solitons in 
gauge theories. It is time to summarize lessons. 

Advances in supersymmetric solitons, especially in non-Abelian gauge 
theories, that took place in the last decade or so, are impressive. In the bulk of 
this review we thoroughly discussed many aspects of the subject at a technical 
level. Important and relevant technical details presented above should not 
overshadow a big picture, which is in the making since 1973. Sometimes 
people tend to forget about this big picture which is understandable: its 
development is painfully slow and notoriously difficult. 

Let us ask ourselves: what is the most remarkable feature of quantum 
chromodynamics and QCD-like theories? The fact that at the Lagrangian 
level one deals with quarks and gluons while experimentalists detect pions, 
protons, glueballs and other color singlet states — never quarks and gluons 
— is the single most salient feature of non-Abelian gauge theories at strong 
coupling. Color confinement makes colored degrees of freedom inseparable. 
In a bid to understand this phenomenon Nambu, 't Hooft and Mandelstam 
suggested in the mid-1970s (independently but practically simultaneously) a 
"non-Abehan dual Meissner effect." At that time their suggestion was more 
of a dream than a physical scenario. According to their vision, "non-Abelian 
monopolcs" condense in the vacuum resulting in formation of "non-Abelian 
chromoelectric flux tubes" between color charges, e.g. between a probe heavy 
quark and antiquark. Attempts to separate these probe quarks would lead to 
stretching of the flux tubes, so that the energy of the system grows linearly 
with separation. That's how linear conflnement was visualized. However, 
at that time the the notions of non-Abelian flux tubes and non-Abelian 
monopoles (let alone condensed monopoles in non-Abelian gauge theories) 
were nonexistent. Nambu, 't Hooft and Mandelstam operated with nonexis- 
tent objects. 

One may ask where did these theorists get their inspiration from? There 
was one physical phenomenon known since long ago and well understood 
theoretically which yielded a rather analogous picture. 

In 1933 Meissner discovered that magnetic flelds could not penetrate in- 
side superconducting media. The expulsion of the magnetic flelds by super- 
conductors goes under the name of the Meissner effect. Twenty years later 
Abrikosov posed the question: "what happens if one immerses a magnetic 
charge and an anticharge in type-II superconductors (which in fact he dis- 
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covered)?" One can visualize a magnetic charge as an endpoint of a very long 
and very thin solenoid. Let us refer to the N endpoint of such a solenoid as a 
positive magnetic charge and the S endpoint as a negative magnetic charge. 

In the empty space the magnetic field will spread in the bulk, while the en- 
ergy of the magnetic charge-anticharge configuration will obey the Coulomb 
1/r law. The force between them will die off as 

What changes if the magnetic charges are placed inside a large type-II 
superconductor? 

Inside the superconductor the Cooper pairs condense, all electric charges 
are screened, while the photon acquires a mass. According to modern termi- 
nology, the electromagnetic U(l) gauge symmetry is Higgsed. The magnetic 
field cannot be screened in this way; in fact, the magnetic flux is conserved. 
At the same time the superconducting medium does not tolerate the mag- 
netic field. 

The clash of contradictory requirements is solved through a compromise. 
A thin tube is formed between the magnetic charge and anticharge immersed 
in the superconducting medium. Inside this tube superconductivity is ruined 
— which allows the magnetic field to spread from the charge to the anticharge 
through this tube. The tube transverse size is proportional to the inverse 
photon mass while its tension is proportional to the Cooper pair condensate. 
These tubes go under the name of Abrikosov vortices. In fact, for arbitrary 
magnetic fields he predicted lattices of such flux tubes. A dramatic (and, 
sometimes, tragic) history of this discovery is nicely described in Abrikosov's 
Nobel Lecture. 

Returning to the magnetic charges immersed in the type-II superconduc- 
tor under consideration, one can see that increasing the distance between 
these charges (as long as they are inside the superconductor) does not lead 
to their decoupling — the magnetic fiux tubes become longer, leading to a 
linear growth of the energy of the system. 

The Abrikosov vortex lattices were experimentally observed in the 1960s. 
This physical phenomenon inspired Nambu, 't Hooft and Mandelstam's ideas 
on non-Abelian confinement. Many people tried to quantify these ideas. The 
first breakthrough, instrumental in all current developments, came 20 years 
later, in the form of the Seiberg-Witten solution of A/" = 2 super- Yang-Mills. 
This theory has eight supercharges which makes dynamics quite "rigid" and 
helps one to find the full analytic solution at low energies. The theory bears a 
resemblance to quantum chromodynamics, sharing common "family treats." 
By and large, one can characterize it as QCD's "second cousin." 



212 



An important feature which distinguishes it from QCD is the adjoint 
scalar field whose vacuum expectation value triggers the spontaneous break- 
ing of the gauge symmetry SU(2)— *U(1). The 't Hooft-Polyakov monopoles 
ensue. They are readily seen in the quasiclassical domain. Extended super- 
symmetry and holomorphy in certain parameters which is associated with it 
allows one to analytically continue in the domain where the monopoles be- 
come light — eventually massless — and then condense after a certain small 
deformation breaking M = 2 down to A/" = 1 is introduced. Correspondingly, 
at a much lower scale the (dual) U(l) gauge symmetry breaks, so that the 
theory is fully Higgsed. Electric flux tubes are formed. 

This was the first ever demonstration of the dual Meissner effect in non- 
Abelian theory, a celebrated analytic proof of linear confinement, which 
caused much excitement and euphoria in the community. 

It took people three years to realize that the flux tubes in the Seiberg- 
Witten solution are not those we would hke to have in QCD. Hanany, Strassler 
and Zaffaroni who analyzed in 1997 the chromoelectric flux tubes in the 
Seiberg- Witten solution showed that these flux tubes are essentially Abelian 
(of the Abrikosov-Nielsen-Qlesen type) so that the hadrons they would cre- 
ate would have nothing to do with those in QCD. The hadronic spectrum 
would be significantly reacher. And, say, in the SU(3) case, three fiux tubes 
in the Seiberg-Witten solution would not annihilate into nothing, as they 
should in QCD ... 

Ever since searches for genuinely non- Abelian flux tubes and non-Abelian 
monopoles continued, with a decisive breakthrough in 2003. By that time the 
program of flnding fleld-theory analogs of all basic constructions of string/D- 
brane theory was in full swing. BPS domain walls, analogs of D branes, had 
been identifled in supersymmetric Yang-Mills theory. It had been demon- 
strated that such walls support gauge flelds localized on them. BPS saturated 
string- wall junctions had been constructed. And yet, non-Abelian flux tubes, 
the basic element of the non-Abelian Meissner effect, remained elusive. 

They were first found in U(2) super- Yang-Mills theories with extended 
supersymmetry, J\f = 2, and two matter hyper mult iplets. If one introduces 
a non-vanishing Fayet-Iliopoulos parameter ^ the theory develops isolated 
quark vacua, in which the gauge symmetry is fully Higgsed, and all elemen- 
tary excitations are massive. In the general case, two matter mass terms 
allowed by jV = 2 are unequal, mi ^ m2. There are free parameters whose 
interplay determines dynamics of the theory: the Fayet-Iliopoulos parameter 
^, the mass difference Am and a dynamical scale parameter A, an analog of 
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the QCD scale Aqcd- Extended super symmetry guarantees that some crucial 
dependences are holomorphic, and there is no phase transition. 

As various parameters vary, this theory evolves in a very graphic way , 
see Fig. 24 which is almost the same as Fig. 10 (the first stage of unconfined 
't Hooft-Polyakov monopole is added in left upper corner ). At ^ = but 
Am 7^ (and Am ^ A) it presents a very clear-cut example of a model with 
the standard 't Hooft-Polyakov monopole. The monopole is free to fly — 
the flux tubes are not yet formed. 

^=0 




Figure 24: Various regimes for monopoles and strings in the simplest case of two 
flavors. 

Switching on ^ 7^ traps the magnetic fields inside the flux tubes, which 
are weak as long as ^ -C Am. The flux tubes change the shape of the 
monopole far away from its core, leaving the core essentially intact. Orien- 
tation of the chromomagnetic field inside the flux tube is essentially fixed. 
The flux tubes are Abelian. 

With I Am I decreasing, fluctuations in the orientation of the chromomag- 
netic field inside the flux tubes grow. Simultaneously, the monopole seen as 
the string junction, looses resemblance with the 't Hooft-Polyakov monopole. 
It acquires a life of its own. 

Finally, in the limit Am the transformation is complete. A global 
SU(2) symmetry restores in the bulk. Orientational moduli develop on the 
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string worldsheet making it truly non-Abelian. The junctions of degener- 
ate strings present what remains of the monopoles in this highly quantum 
regime. It is remarkable that, despite the fact we are deep inside the highly 
quantum regime, holomorphy allows one to exactly calculate the mass of 
these monopoles. 

What remains to be done? The most recent investigations zero in on 
M = 1 theories, which are much closer relatives of QCD than M = 2. The M 
model discussed in the bulk of this review can be regarded as the first cousin 
of QCD since the adjoint fields typical of A/" = 2 are eliminated in this theory. 
Even though supersymmetry is considerably weakened, the overall qualitative 
picture survives. This is probably one of the most important findings at the 
current stage. Of course, to get a (semi) quantitative description of color 
confinement in QCD we still have to dualize this picture. This does not seem 
to be an insurmountable obstacle. 

And then. A/" = theories — sister theories of QCD — loom large ... 
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Appendix A. Conventions and notation 



The conventions we use in Parts I and II of this review are slightly differ- 
ent. In Part I presenting mainly a conceptual introduction to the subject of 
supersymmetric solitons we choose the so-called Minkowski notation. Here 
our notation is very close (but not identical!) to that of Bagger and Wess 
[40]. The main distinction is the conventional choice of the metric tensor 

S'/ii/ = diag(-| ) as opposed to the diag( — h -|--|-) version of Bagger and 

Wess. Both, the spinorial and vectorial indices will be denoted by the Greek 
letters. To differentiate between them we will use the letters from the begin- 
ning of the alphabet for the spinorial indices, e.g. «, f3 and so on, reserving 
those from the end of the alphabet (e.g. /i, u, etc.) for the vectorial indices. 

Those readers who venture to delve in Part II will have to switch to the 
so-called Euchdean notation which is more convenient for technical studies. 
The distinctions between these two notations are summarized in Sect. A. 7. 

A.l Two-dimensional gamma matrices 

In two dimensions we choose the gamma matrices as follows 

7° = 7* = cr2, 7^=7^ = ^cri, 7^ = 7 V = (^3 ■ (A.l) 
In three dimensions 

7* = cr2 , 7"" = -i(^3 , Y = ■ (A.2) 

A. 2 Covariant derivatives 

The covariant derivative in the Minkowski space is defined as 

D, = d,-zAlT\ (A.3) 
Then for the spatial derivatives we have 

D, = -^ + iAlT\ (A.4) 

and similar for i?2,3- 
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A. 3 Superspace and superfields 

The four-dimensional space can be promoted to superspace by adding four 
Grassmann coordinates 9a and 9a, (a, a — 1,2). The coordinate transfor- 
mations 

add SUSY to the translational and Lorcntz transformations. 

Here the Lorentz vectorial indices are transformed into spinorial according 
to the standard rule 

App = M^'')pp , A' = iK^i^'f'' , (A.6) 

where 

We use the notation r for the Pauli matrices throughout the paper. The 
lowering and raising of the indices is performed by virtue of the e'*^ symbol 
— i(T2)a/3)- For instance, 

{an"' = e^^e-^{a'^)^ = {l,-f}^^. (A.8) 

Note that 

and the same for the dotted indices. 

Two invariant subspaces {x1,9a} and {x'^,9a} are spanned on 1/2 of 
the Grassmann coordinates, 

{x^ , 9a} '■ ^9a — Sa : ^{^L)aa — 4i 9aSa j 

{X^ , 9a} ■ 59a = Sa , 5{xR)aa = -4i ^d^a , (A. 10) 

where 

{xL,R)aa = Xaa =F 2i 9a9a ■ (A. 11) 

The minimal supermultiplet of fields includes one complex scalar field (f){x) 
(two bosonic states) and one complex Weyl spinor ip°'{x) , a = 1,2 (two 
fermionic states). Both fields are united in one chiral superfield, 

^xl, 9) = cj>{xL) + V29''^|;a{xL) + 9^F{xl) , (A.12) 
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where F is an auxiliary component. The field F appears in the Lagrangian 
without the kinetic term. 

In the gauge theories one also uses a vector superfield, 



v{x,e,e) = c + tOx-tex + ^e'M- ^ 



+ e'9 



1 



4 



+ H.C. 



2q2 



D - -d^C 
4 



(A. 13) 



The superfield V is real, V = V\ implying that the bosonic fields C, D and 
— cr^^f"°/2 are real. Other fields are complex, and the bar denotes the 
complex conjugation. The field strength superfield has the form 



(A. 14) 



The gauge field strength tensor is denoted by F^^. Sometimes we use the 
abbreviation for 

F^ = F^^ F'"'"' , (A. 15) 



while 



Tp Tp* — Tpo, Tp*fj,i' a — ^lupa Tpa rpa 

— /ii^ — 2 pa 



(A.16) 



The transformations (A. 10) generate the SUSY transformations of the 
fields which can be written as 



6V 



{Qe + Qe) V 



(A. 17) 



where K is a generic superfield (which could be chiral as well). The differen- 
tial operators Q and Q can be written as 

Qa^-^^ + daJ''. Qa = t-^-0"daa, {Qa , Qa} = 2tdo,a ■ (A.18) 

These differential operators give the exphcit realization of the SUSY algebra, 

{Qa , Qd} = '^Paa , {Qa , Q /s} = , [Qa , Q p} = , [Qa , -Pg^] = , 

(A.19) 
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where and Qd are the supercharges while Paa = id^a is the energy- 
momentum operator. The superderivatives are defined as the differential 
operators Da, anticommuting with Qq. and Qa, 

d d 
Da^g^-tdaJ", = + {Da,Da}=2tdaa. (A.20) 

A. 4 The Grassmann integration conventions 

jdHe'^^i, j dHd^e e'^P ^i. (A.21) 

A. 5 (1,0) and (1,0) sigma matrices 

To convert the two-index spinorial symmetric representation in the vectorial 
representation we will need the following sigma matrices: 

{^f = {r\ -r^W, (^)d^ = A^,- (A.22) 

A. 6 The Weyl and Dirac spinors 

If we have two Weyl (right-handed) spinors and rjp, transforming in the 
representations R and R of the gauge group, respectively, then the Dirac 
spinor ^ can be formed as 

( r\ 

* = . . (A.23) 
V V'd / 

The Dirac spinor ^ has four components, while ^"^ and 77^3 have two compo- 
nents each. 



A. 7 Euchdean notation 

As was mentioned, in Part II we switch to a formally Euclidean notations 
e.g. 

= 2Fl + Ff. , (A.24) 
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and 

{d^af ^ {doaf + {d^af , (A.25) 

etc. This is appropriate, since we mostly consider static (time-independent) 
field configurations, and Aq — 0. Then the Euclidean action is nothing but 
the energy functional. 

Then, in the fermion sector we have to define the Euclidean matrices 

a^''^{l,-tf)aa, (A.26) 

and 

aaa = {l,ir)aa ■ (A.27) 

Lowing and raising of the spinor indices is performed by virtue of the anti- 
symmetric tensor defined as 

£l2 ^ ^12 ^ _i _ (A.28) 

The same raising and lowering convention applies to the flavor SU(2)ij indices 
/, g, etc. 

When the contraction of the spinor indices is assumed inside the paren- 
theses we use the following notation: 

(AV') = Xar, (AVS) = X'^^a. (A.29) 
A. 8 Group-theory coefficients 

As was mentioned, the gauge group is assumed to be SU(A^). For a given 
representation R of SU(A^), the definitions of the Casimir operators to be 
used below are 

Tr(T"T^)i? = T(i?)5"^ , = C{R) I , (A.30) 

where / is the unit matrix in this representation. It is quite obvious that 

where dim(G) is the dimension of the group {— the dimension of the adjoint 
representation). Note that T(R) is also known as (one half of) the Dynkin 
index, or the dual Coxeter number. For the adjoint representation, T(R) is 
denoted by T{G). Moreover, T{S\J{N)) = N. 
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A. 9 Renormalization-group conventions 

We use the following definition of the /3 function and anomalous dimensions: 

while 

7 = -(ilnZ(/x)/(iln/x. (A.33) 
In supersymmetric theories 



3r(G)-^r(i?,)(i 



7^J 



where the sum runs over all matter supermultiplets. The anomalous dimen- 
sion of the i-th matter superfield is 

7i = -2C{Ri) ^ + ... (A.35) 

Sometimes, when one-loop anomalous dimensions arc discussed, the coef- 
ficient in front of — Q;/(27r) in (A.33) is also referred to as an "anomalous 
dimension." 



Appendix B. Strings in A/" = 2 SQED 

In this Appendix we briefly review the Abelian Abrikosov-Nielsen-Olesen 
strings 'm M — 2 supersymmetric QED in four dimensions. The BPS strings 
in this theory were first considered in [133, 35]. 

B.l N = 2 supersymmetric QED 

M = 2 supersymmetric QED is discussed in Sect. 8.1. Here we sum- 
marize basic features of this theory for convenience. The field content of 
J\f = 2 supersymmetric QED consist of U(l) vector J\f = 2multiplet as well 
as Nf matter hypermultiplets. The mass terms are introduced via the super- 
potential 

W^Yl (^^aQ^Qa + -^AQ^Qa^ . (B.l) 
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For the definition of the Fayet-Ihopoulos term see Eq. (3.2.1). In this form 
it is the same in = 1 and J\f — 2 , ci. Eq. (4.1.5). The bosonic part of the 
action of this theory is 

2 

+ nf-{\q^\'-\qA\'-CT + 2ny\uq^\' 

where 

= 9^ - irieAf, , = (9^ + iUeA^ . (B.3) 

Here ^ is the coefficient in front of the Fayct-Ihopoulos term, we consider FI 
D-term here while g is the U(l) gauge couphng and Ue is the electric charge. 
It can be integer or half integer. The index A — 1, Nf is the fiavor index. 
Below we consider the case Nf — 1. This is the simplest case which admits 
BPS string solutions. 

The Fl term triggers the squark condensation. The vacuum of this theory 
is given by 

a = -V2m, g = V?, g = , (B.4) 

Hereafter in search for string solutions we will stick to the ansatz q = 0. 

Now let us discuss the mass spectrum of light fields in this vacuum. The 
spectrum can be obtained by diagonalizing the quadratic form in (B.2). This 
is done in Rcf. [35]; the result is as follows: one real component of field q 
is eaten up by the Higgs mechanism to become the third components of the 
massive photon. Three components of the massive photon, one remaining 
component of q and four real components of the fields q and a form one long 
J\f — 2multiplet (8 boson states + 8 fermion states), with mass 

m^ = 2n2/e- (B.5) 

B.2 String solutions 

As soon as fields a and q plays no role in string solutions we can look for 
these solutions using reduced theory with these fields set to zero. The bosonic 



a + V2' 



rriA 



(B.2) 



223 



action (B.2) reduces to 



Since U(l) gauge group is spontaneously broken, the model supports con- 
ventional ANO strings [36]. The topological stability of the ANO string is 
due to the fact that 7ri(U(l)) = Z. 

Let us derive first order equations which determines string solution mak- 
ing use of the Bogomol'nyi representation [5] of the model (B.6). We have 
for the string tension 



' -F3* + ^ne(|#-e) 



.V2g x/2 

+ \Wiq + iV2qf + neCF;}, (B.7) 

where Fg = F12 and we assume that fields depend only on coordinates Xi, 
i = 1,2. 

The Bogomol'nyi representation (B.7) leads us to the following first-order 
equations: 

F^ + 9ne{\q\'-^) =0, 

(Vi + iV2)g = 0. (B.8) 

Once these equations are satisfied the energy of the BPS object is given by 
the last surface term in (B.7). Note that representation (B.7) can be written 
also with different sign in front of terms proportional to gauge fluxes. This 
would give first order equations for the anti-string with negative values of 
gauge fiuxes. 

For topologically stable string solution the scalar field winds n times in 
U(l) gauge group when we move around the string along large circle in {x, y) 
plane (we assume that the string stretches along z-axis), 

~ — dia, r ^ 00, (B.9) 
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where r and a are the polar coordinates in {x,y) plane and i — 1,2. This 
ensures that the flux of the string is 



/ 



d-'^F* = ^ (B.IO) 



The tension of the string with winding number n is determined by the surface 
term in (B.7), 

7; = 27rne. (B.ll) 

For the elementary n — 1 string the solution can be found using the 
standard ansatz [5] 

q{x) = </.(r) e*" , Mx) = - dia [1 - /(r)] , (B.12) 

Tig 

where we introduced two profile functions (p and / for scalar and gauge fields 
respectively. 

The ansatz (B.12) goes through the set of equations (B.8), and we get 
the following two equations on the profile functions: 

The boundary conditions for the profile functions are the following. At 
large distances we have 

0(oo) = yC, /(oo) = 0. (B.14) 

At the origin the smoothness of the field configuration at hand requires 

0(0) = 0, /(0) = 1. (B.15) 

These boundary conditions are such that the scalar field reaches its vacuum 
value at infinity. The same first order equations arise for BPS vortex in A/" = 
1 QED in (2+1) dimensions, see Sect. 3. The fermion zero modes for BPS 
vortices in (3+1) and (2+1) dimensions are different, however. Equations 
(B.13) have a unique solution for the profile functions, which can be found 
numerically [4], see Fig. 6. The string transverse size is ~ 1/m-y. 

First order equations (B.13) can be also obtained using supersymmetry. 
We start from the supersymmetry transformations for the fermion fields in 
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the theory (B.2), 



= faaqfe''^ +■■■ , 

5^c.A = iV2 faaq/Ae''^ +■■■ . (B.16) 

Here / = 1, 2 is the SU(2)/j index so A"-'^ are the fermions from the M = 2 vec- 
tor supermultiplet, while q^^ denotes SU(2)ij doublet of squark fields and 
q-^ in the quark hypermultiplets. The parameters of SUSY transformations 
in are denoted as e"^-^. Furthermore, the F terms in Eq. (B.16) are 

= -ine/ (Tr|g|^-^) , + iF^ = (B.17) 

The dots in (B.16) stand for terms involving the a field which vanish on the 
string solution because the it is given by its vacuum expectation value (B.4). 
In Ref. [35] it was shown that the four (real) supercharges generated by 

(B.18) 

act trivially on the BPS string. Namely imposing conditions e^^ = e^^ = 
and requiring that left hand sides of Eqs. (B.16) are zero we get first order 
equations (B.13) upon substitution of the ansatz (B.12) 

B.3 The fermion zero modes 

The string is half-critical, so 1/2 of supercharges (related to SUSY trans- 
formation parameters e^^ and e^^), act trivially on the string solution. The 
remaining four (real) supercharges parametrized by e^^ and e^^ generate four 

we instead of (B.18) impose that different combinations of SUSY transformation 
parameters act trivially we get the equations for anti-string with opposite directions of 
gauge fluxes. 
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(real) supertranslational fermion zero modes. They have the form [35] 

V^i = , -02 = , 

= 0, A^^^O, (B.19) 

where the modes proportional to complex Grassmann parameters a^^ and 
a^^ are generated by e^^ and e^^ transformations, respectively 
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